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SUMMARY 
Prediction of soil behaviour under general loading conditions, failure criteria 
and failure mechanism, are most crucial for adequate modeling and safe design of 
numerous problems in geotechnical, petroleum, and mining engineering. Quite 
frequently, the failure mechanism consists of a surface along which a large mass of 
soil slides and the deformation is concentrated mainly on this failure surface, often 
referred to as “shear bands”. Physical interpretation of the above phenomenon refers 
to the initial localization of strains at points or small zones of “weakness” inherent in 
a material medium where a concentration of stress exists from which shear bands 
emerge. The shear strain field is characterized by a discontinuity at the shear band 
boundary. This poses serious problems in the analytical, numerical and experimental 
investigation of problems involving non-uniform deformation because of the 
instabilities associated with localization phenomena. 
Over the last two decades, there has been extensive study on localization 
phenomena observed in geomaterials. Advances have been made in experimental, 
theoretical and numerical work, but the research needs are still, too many. Majority of 
the past work has been focused on testing and modeling localization characteristics of 
granular soils. Relatively fewer tests have been conducted on heavily 
overconsolidated clays, particularly under drained loading condition. It has been 
pointed out recently (IWBI, 2002), that experimental observations of the development 
of shear band are needed for materials such as clay, rock and concrete. It was further 
highlighted that this has not been done extensively because such observations are 
more challenging, partly due to the high value of stresses required in some 
ix
experiments, and partly because the “internal length” involved in the expected 
phenomena of strain softening response may be difficult to detect. 
Moreover, the conditions for which shear bands occur under general three-
dimensional (3D) circumstances have not been investigated (Lade, 2002). It is very 
important to capture the occurrence of shear bands under 3D conditions correctly, 
because the soil shear strength immediately drops and reaches the residual strength 
within relatively small displacement after the initiation of shear banding.
The present work, has thus, been undertaken to develop a novel biaxial 
compression device to investigate the constitutive behaviour and shear band 
characteristics of heavily overconsolidated kaolin clay under plane strain conditions. 
A simple elasto-plastic constitutive model has been developed in the present study to 
address the theoretical modeling of the constitutive behaviour of the tested clay. The 
main purpose was to evaluate the performance of the continuum based model for 
cases where the deformation is no longer uniform. An obvious choice for the material 
model, used in the analysis, was the modified Cam clay (MCC) model as it is still 
among the most widely used for numerical analyses in geotechnical engineering 
mainly because of its simplicity and adequacy in predicting behaviour of soil in the 
sub-critical region. It has been adapted to general loading conditions to allow for 
predictions to be made on plane strain testing, in the super-critical region. In 
overcoming the current limitations of the model, the Hvorslev surface has been 
incorporated in the supercritical region of the resulting “Hvorslev-MCC” model, 
which adopts the Mohr-Coulomb failure criterion in the 3D generalization. 
A series of plane strain, triaxial compression, triaxial extension and direct 
shear tests have been conducted on heavily overconsolidated kaolin clay, in order to 
generate an adequate database for studying its constitutive behaviour under 3D 
xcircumstances. Thus, the present work aids in redressing the deficiency in test data of 
such clays. The failure mechanism for specimens subjected to plane strain and triaxial 
tests varied distinctly. However, the angle of internal friction of the tested clay has 
been found to be reasonably constant under different modes of shearing. 
The biaxial device developed herein, allows an accurate investigation of the 
onset and development of localized deformation in compression testing of stiff clays. 
In addition, it is believed to be an improvement on the cost, design and operation, of 
other versions. Laser micro-sensors enable precise measurements of volume changes 
to be made, as well as the accurate detection of the onset of shear banding. The use of 
stress cells in the biaxial test device facilitates a three-dimensional representation of 
the test data. 
 Comparisons of the model predictions with test results have indicated that the 
Hvorslev-MCC model performs fairly well up to the peak supercritical yield point, 
during which deformations are fairly uniform and the specimen remains reasonably 
intact. After the peak stress point, however, strain softening occurs, and the specimen 
develops pronounced discontinuities, suggesting that only the pre-shear band 
localization portion of material behaviour may be reasonably employed in the soil 
modelling. Thus, the actual kinematics of strain softening, and hence the post-peak 
response of heavily overconsolidated clay specimens, could not be precisely 
replicated by the continuum-based model, particularly under undrained loading 
conditions. However, the analysis using the simple elasto-plastic model gave a 
“homogenized” solution of the localized deformation which could capture the salient 
features of the observed soil behaviour. The Hvorslev-MCC model could thus be used 
as a simple analysis tool in providing a fairly good first order approximation of real 
xi
soil behaviour. More specifically, it could be used to back analyze centrifuge tests and 
other laboratory experiments where kaolin is used.
xii
NOMENCLATURE 
A    hardening/softening parameter; 
D    elastic constitutive matrix; 
Dep    elasto-plastic constitutive matrix; 
E′    drained Young’s modulus; 
e    void ratio; 
f(σ,α,K)   yield function; 
F({σ},{k})   yield function; 
G    elastic shear modulus; 
g(θ) gradient of the yield function in J-p′ plane, as a function 
of Lode’s angle; 
gpp(θ) gradient of the plastic potential function in J-p′ plane, as 
a function of Lode’s   angle; 
gH    intercept of Hvorslev line in J/pe′:p′/ pe′ plane; 
J    deviatoric stress invariant; 
Jcs    deviatoric stress invariant at critical state; 
K    scalar describing isotropic hardening of yield surface; 
K′    effective bulk modulus; 
k    vector of state parameters for yield function; 
l    average length of test specimen; 
l0    initial length of test specimen; 
M    gradient of critical state line in q-p′ plane; 
MJ    gradient of critical state line in J-p′ plane; 
m    vector of state parameters for plastic potential function; 
xiii
mH    slope of Hvorslev line in J/pe′:p′/ pe′ plane; 
P({σ},{m})  plastic potential function; 
p′    mean effective stress; 
pcs′    mean effective stress at critical state; 
pe′    equivalent mean effective stress; 
py′    mean effective stress at yield; 
p0′    hardening parameter for critical state models; 
q    deviatoric stress; 
qf    deviatoric stress at failure; 
s′    two-dimensional planar effective mean stress; 
su    undrained shear strength; 
t    two-dimensional planar deviatoric stress; 
u0    initial width of test specimen; 
ul lateral displacement measured by the laser sensor at the 
left side of test specimen; 
ur lateral displacement measured by the laser sensor at the 
right side of test specimen; 
v    specific volume; 
vcs    specific volume at critical state; 
α    tensor describing kinematic hardening of yield surface; 
ε    strain vector; 
ε1, ε2, ε3   principal strain components; 
εv    volumetric strain; 
εv
e




    volumetric plastic strain; 
θ    Lode’s angle; 
θf    Lode’s angle at failure; 
κ    inclination of swelling line in v-lnp′ plane; 
λ    inclination of virgin consolidation line in v-lnp′ plane; 
ν′    drained Poisson’s ratio; 
σ    total stress vector; 
σ′    effective stress vector (prime denotes effective stress); 
σ*    deviatoric stress; 
σx, σy, σz   direct stress components in Cartesian coordinates; 
σ1, σ2, σ3   major, intermediate and minor principal stress; 
τxy, τyz, τxz   shear stress components in Cartesian coordinates; 
φ′    angle of shearing resistance; 
φcs′    critical state angle of shearing resistance; 
γxy, γyz, γxz   shear strain components in Cartesian coordinates; 
ψ    dilatancy angle; 
Εd    invariant deviatoric strain; 
Εd e    elastic deviatoric strain; 
Εd p   plastic deviatoric strain; 
Λ    scalar multiplier for plastic strains; 
Γ value of specific volume corresponding to p′=1.0 kPa 
on the critical state line in v-ln p′ plane; 
Ν value of specific volume corresponding to p′=1.0 kPa 
on the virgin compression line in v-ln p′ plane;
xv
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11. INTRODUCTION 
1.1. Motivation 
Constitutive relations form an important basis of soil mechanics. The stress-
strain behaviour of a soil is a pre-requisite of geotechnical analysis, particularly one 
involving predictions of deformation and failure load. Experimental simulations of soil 
behaviour through adequate laboratory and field testing are complementary to the 
theoretical predictions of soil response. Evidently, the development and application of 
analytical, numerical and experimental techniques are crucial to the proper 
understanding of failure of geomaterials and structures. 
Heavily overconsolidated (OC) clays and other hard soils fall on the dry side of 
critical state. These soils tend to be brittle in nature and most of the times exhibit 
regions of highly localized strains – commonly referred to as “shear bands”, “slip 
surfaces”, or “failure surfaces”. The definition of failure, in most cases, revolves 
around the idea that particles that make up the geomaterials would break loose or slide 
from one another on well defined surfaces. The physical phenomena responsible for 
localization can vary widely and are sometime difficult to isolate. Lack of 
homogeneity, strain rates and other causes are likely to trigger localized deformation in 
hard, clayey soils.  
Although shear banding is one of many possible deformation modes, it is 
usually a pre-cursor to catastrophic failures (Peter et al., 1985; Molenkamp, 1991), as 
the overall load-displacement response may present a “peak” beyond which no 
equilibrium is possible if the load is maintained. It has been observed for geomaterials 
that exhibit a peak in their shear stress response under a variety of situations. For 
example, dense sands and heavily overconsolidated clays under drained loading 
2conditions (softening) and very loose sands under undrained loading conditions 
(liquefaction). Triaxial tests in laboratory and excavation sites in the field have 
provided observations of localized deformations. Gaining a better understanding of the 
mechanics and physics of shear banding is, therefore, extremely important for 
geotechnical design, exploration, and exploitation purposes. Moreover, it is observed 
that localized deformation is typically followed by a reduction in the overall strength 
of the material as the loading proceeds. It is thus, of considerable interest and 
importance to be able to predict when a shear band forms, how this narrow zone of 
discontinuity is oriented within the material, and how the propagation of the shear 
band is influenced by the post-localization constitutive responses. 
Strain localization is often viewed as an instability process that can be 
predicted in terms of the pre-localization constitutive relations. The material is 
assumed to deform homogenously until its constitutive relations allow a bifurcation 
from a smoothly varying deformation field into a highly concentrated shear band 
mode. The bifurcation point is usually detected by a stability analysis. For modeling 
purposes, the bifurcation point signals the onset of localized deformation. Therefore, 
an accurate prediction of the bifurcation point is very crucial in the simulation of the 
mechanical behaviour of geomaterials. Equally critical is an accurate representation of 
the mechanical response following localization. 
This has led to the rising need for detailed study of strain localization, an 
inherent phenomenon associated with soil on the dry side of critical state, in terms of 
combined experimental and analytical techniques, which are the focus of research 
work reported in this thesis. 
31.2. Current Research in Testing and Modeling of Hard Soils 
Much experimental work has been conducted to understand the inception of 
localized deformation in sands as well as rocks. However, very limited work has been 
carried out on stiff clays. As such, there is, virtually, a non-existent database for such 
soils. Experimental work done on sands and rocks has revealed that the overall 
material response observed in the laboratory is a result of many different 
micromechanical processes such as micro-cracking in brittle rocks, mineral particle 
rolling and sliding in granular soils, and mineral particle rotation and translation in the 
cement matrix of soft rocks. Ideally, any model for such soils must capture all of these 
important micromechanical processes. However, current limitations in the laboratory 
testing capabilities and mathematical modeling techniques inhibit the use of a micro-
mechanical description of their behaviour, and a macro-mechanical approach, such as 
that employing theory of plasticity, is still favored largely by the geomechanics 
modeling community. 
To date, the modified Cam clay (MCC) is probably the most widely used 
elastic-plastic model in computational applications of soil. This, and most other such 
models, is formulated in triaxial stress space, and hence their application would, in 
principle, be restricted to the analysis of soil subjected to triaxial loading conditions. 
The MCC model has been proven to describe the behaviour of normally consolidated 
(NC), and lightly overconsolidated (OC) soils, on the wet side of critical state, 
adequately. Heavily OC clay and other hard soils, on the other hand, fall on the dry 
side of critical state. The MCC model would highly over-predict the strength of soil on 
the dry side of critical state. A Hvorslev yield surface would be more appropriate for 
heavily OC soils (Hvorslev, 1937). The occurrence of localized failure zones would 
affect the numerical implementation of the constitutive equations of heavily OC soils, 
4as well as the experimental techniques for determining their corresponding material 
parameters. 
Moreover, routine triaxial tests are performed on laboratory and field 
specimens, in order to obtain the mechanical properties of such soils. Field problems 
involving geotechnical structures are more often in plane strain than triaxial 
conditions, hence, the data obtained from triaxial testing would, frequently, not apply. 
Data from plane strain tests would then be more appropriate. Mochizuki et al. (1993) 
reported that when soil is tested under plane strain conditions, it, in general, exhibits a 
higher compressive strength and lower axial strain. The latter tendency could be a 
cause for concern, when strength parameters from triaxial compression tests are 
adopted in design. Peters et al. (1988) found out that shear bands are more easily 
initiated under plane strain than axisymmetric conditions, for dense to medium dense 
sands. In this connection, the behaviour of fine-grained sands, tested under plane strain 
conditions, has been reported recently (Han and Vardoulakis, 1991; Han and Drescher, 
1993). The plane strain testing of clay has been initiated only recently (Drescher et al., 
1990; Viggiani et al. 1994, Prashant and Penumadu, 2004), and published data of such 
tests, especially for hard clay, is virtually non-existent. Lack of easy to use equipment 
to carry out tests under plane strain conditions seems to be the main reason for this. 
1.3. Scope of Present Work 
In the light of the above considerations, it is evident that in spite of several 
advances being made in experimental, theoretical and numerical work on stress-strain 
response and strain localization behaviour of geomaterials, the research needs are still 
many. Too little emphasis has been given to the constitutive modelling and testing of 
hard soils (stiff clays, in particular) on the dry side of critical state. Developers and 
5users of different constitutive models need to methodically investigate the represented 
soil response under a wide range of loading conditions. In this regard, relatively 
limited work has been done in evaluating the suitability of the existing models for stiff 
soils, in particular, heavily OC kaolin clay that is widely used in centrifuge studies and 
other research areas of soil behaviour. The present study is therefore, undertaken to 
address this issue by developing a simple constitutive model for OC soil in general 3D 
space, and evaluate its performance in terms of experimental results obtained from 
various shear tests conducted on heavily OC kaolin clay specimens. The present work 
will, therefore, address the constitutive behaviour of heavily OC clays, both in terms of 
laboratory testing as well as theoretical modelling. 
The experimental aspect, which constitutes the core of the present work, has 
been focused on developing a biaxial device for testing heavily OC soils, particularly 
clays, under plane strain conditions. Ease of operation, cost optimization and 
commercial viability were additional emphases in the design of the test set-up. Various 
tests have been conducted on laboratory specimens of heavily OC clay, in order to 
establish the viability of the device. The investigation also focused on a detailed study 
of the failure mechanism of the tested clay in terms of shear band localization. In 
addition, standard triaxial, and direct shear, tests have been carried out on identical 
clay specimens at the same initial stress state, so that an extensive data base for tests on 
the clay would be generated, thereby allowing the possibility of a detailed study of its 
constitutive behaviour under different modes of shearing. 
As mentioned earlier, the objective of the theoretical part of the present work 
dealt with the development of a simple constitutive model for OC soil in general 3D 
space, and evaluation of its performance. This would be comprised of the necessary 
modifications to the most commonly used MCC model, in order to account for the 
6Hvorslev yield surface in the supercritical region, and the formulation of the model in 
generalized three-dimensional stress space. Continuum based predictions of the 
deformation of clays that yield supercritically become questionable once 
discontinuities start to form in the material medium. In this light, performance of the 
proposed Hvorslev-MCC model in predicting the response of heavily OC clays, under 
different modes of shearing, has been evaluated. The generalized three-dimensional 
formulation of Cam clay models has been the subject of research, but only in limited 
form (Zdravkovic, 2000). For example, a circular yield surface in the deviatoric plane 
is adopted in the formulation of the MCC model in a generalized stress system (Potts 
and Zdravkovic, 1999). This would imply a constant critical state stress ratio, and a 
variable friction angle, being adopted in the model. In reality, it has been found that 
predictions using a variable critical state stress ratio, and hence, a constant friction 
angle, would agree better with observations. These issues have been addressed in the 
present investigation. 
1.4. Objectives of Present Work 
The main objectives of the present work are as follows: 
(i) to develop a biaxial device that enables detailed investigation of stress-
strain response under plane strain loading condition, as well as 
observation of shear band characteristics in heavily OC clay specimens; 
(ii) to measure critical constitutive parameters required for predicting the 
mechanical behaviour of heavily OC clays; 
(iii) to determine the onset of localization in experiments; 
(iv) to determine the location and orientation of shear band in experiments; 
(v) to formulate a simple constitutive model for stiff soils, generalized to 3D 
7stress space. 
(vi)  to evaluate the performance of the simple model when applied to 
materials exhibiting localized deformation. 
1.5 Thesis Organization 
Based on the foregoing considerations, a review of existing elastic-plastic 
models and theoretical and experimental work done on shear banding in soils will first 
be presented in following Chapter 2. Next, Chapter 3 will deal with the development of 
the new biaxial device and its testing program. In Chapter 4, detailed results of all the 
tests conducted herein, will be presented. The efficacy of the newly developed biaxial 
apparatus, in testing the constitutive behaviour of heavily OC clays will, in particular, 
be highlighted. Chapter 5 deals with a detailed exposition of the development of the 
proposed Hvorslev-MCC model, along with its implementation in finite element 
software. Next, an experimental assessment of the model will be made in Chapter 6, in 
which the results of the plane strain compression, triaxial compression, triaxial 
extension tests, on heavily OC clay specimens, will be compared with the predictions 
of the Hvorslev-MCC model developed in Chapter 5. Certain drawbacks of 
conventional soil modelling, in regard to heavily OC clays, will be borne out from the 
comparison. Finally, in Chapter 7, various conclusions will be drawn, based on the 
findings of the overall investigation. Recommendations for future work will also be 
made. 
The relevant tables and figures are provided at the end of each chapter, and a 
consolidated reference list follows Chapter 7. The calibration curves for various 
transducers used in the experimental program are provided in Appendix A. The 
8consolidation characteristics and variation of the stiffness modulus, of the adopted 
kaolin clay, are presented in Appendices B and C, respectively. The experimental 
determination of critical state model parameters MJ and mH, for the test clay, are 
specified in Appendix D. 
92. LITERATURE REVIEW
2.1. Introduction 
The fact that soil exhibits large irrecoverable deformations, and that it can exist 
over a range of densities at constant stress, leads to the two most important aspects of 
soil behaviour – plasticity and density dependence. It has been the goal of many 
researchers to combine these two fundamental aspects of soil behaviour within a single 
constitutive model. Drucker, Gibson and Henkel (1957) were the first to couple the 
range of soil density states to all aspects of soil constitutive behaviour, when they 
suggested that soil behaviour could be represented within the framework of classical 
plasticity. Roscoe and his co-workers combined the concept of a critical density 
(Casagrande, 1936), with the insights of Drucker et al. (1957) to produce a predictive 
constitutive framework known as critical state soil mechanics. Roscoe, Schofield and 
Thurairajah (1963), Schofield and Wroth (1968), Roscoe and Burland (1968) 
succeeded in formulating the constitutive equations and the resultant models are 
known as the family of Cam Clay models. Cam Clay models appear to be the most 
widely used for simulation of boundary value problems. 
The Cam Clay models predict soil behaviour in the sub-critical region (that is, 
the region on the wet side of critical state) fairly well, as the models were based on test 
results of normally to lightly overconsolidated (OC) soil samples. However, the 
models’ prediction for heavily OC stiff soils that lie in the super-critical region (that is, 
the region on the dry side of critical state), is not so satisfactory.  This is partly because 
the behaviour of stiff soil is influenced by the formation of shear bands. Thus, there is 
necessity to evaluate constitutive models against experimental data obtained from stiff 
soil samples.  
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The realistic simulation of boundary value problems requires that constitutive 
model reproduces essential features in all possible shear modes such as triaxial, plane 
strain and direct shear. However, experimental data on behaviour of stiff soils in 
various shear modes is rare. As part of this study, the three dimensional stress-strain 
response of stiff soil has been explored. 
In what follows, the basic constitutive laws for the elastic-plastic deformation 
of soils, based on critical state soil mechanics, will be reviewed first. This is followed 
by a discussion of various attempts to improve these models to get a closer fit to stress 
strain behaviour of stiff soils. In order to establish three-dimensional (3D) behaviour, 
experimental results in various shear modes are reviewed.  Localisation due to 
formation of shear bands and models for localisation are also discussed. 
2.2. Key Plasticity Concepts 
A soil continuum consists of a multitude of soil particles which slip against 
each other resulting in irrecoverable strains when the applied forces on the soil 
medium exceed a certain value. This is called “plastic flow”. The theory of plasticity is 
a mathematical tool by which, for a given stress combination, the resulting 
irrecoverable plastic deformation may be determined. Recent models in soil mechanics 
deal with incremental theories of plasticity where, for a given stress increment, the 
strain increment may be determined. To evaluate the plastic strains completely, 
plasticity theory requires the following ingredients: 
A Yield Criterion which specifies the stress combinations and increments necessary for 
the plastic flow to occur. It is defined mathematically as 
( ) 0,, =Kf ασ .    (2.1) 
11
By convention, the interior points of the yield surface correspond to f<0. In equation 
(2.1), σ is the stress state, α a second-order tensor incorporated to describe the 
translation or transformation (kinematic hardening) of the yield surface, and K a scalar 
used to describe the expansion or contraction (isotropic hardening) of the yield surface. 
The parameters, α and K, are usually functions of stress, plastic strain and plastic strain 
rate. 
A Flow Rule describes the direction of the strain increment vector and its magnitude. 
The magnitude is obtained from the work hardening law. There can be two types of 
flow rule: (i) the associated flow rule (AFR), where the yield surface and plastic 
potential surfaces are identical; and (ii) the non-associated flow rule (non-AFR), where 
the yield and plastic potentials are two distinct surfaces. 
A Hardening/Softening Law is required to determine the changes in the hardening 
parameter, A. There are basically two types of hardening laws. Under the isotropic 
hardening law, yield surfaces increase or decrease in size only, with the centre 
remaining stationary, as loading takes place. In the case of the kinematic hardening 
law, on the other hand, the yield surface remains the same size, but its position changes 
with the stress point. In other words, the yield surface translates. Kinematic hardening 
would have to be incorporated into models featuring stress reversals. A third hardening 
rule may be obtained by combining the above two trends, thereby resulting in an 
isotropic-kinematic hardening law. This model is very useful in dealing with complex 
loading histories, such as one-way cyclic, and two-way cyclic, loading, where the yield 
surfaces are required to change their size, as well as position. It is apparent that, for 
non-kinematic hardening, α, in Equation (2.1), would be zero. 
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The selection of a yield criterion and the above rules should be made to suit the 
particular problem at hand. In addition to those rules, the conditions of continuity and 
consistency should be satisfied, in incremental elastic-plastic theory. 
2.3. Critical State Models 
The history of application of the theory of plasticity to geomechanics started 
with the work of Coulomb (1776) and Rankine (1857). In the 1950’s, several 
developments occurred, which led to the formulation of the first critical state models. 
Drucker et al. (1957) pointed out that soils undergo hardening or softening with an 
irreversible change in specific density; that is, with plastic volumetric strain, and thus 
suggested the existence of a capped yield surface controlled by this volume change. 
This type of hardening has been termed “density hardening” (D-hardening) or “plastic 
volumetric hardening”, and the hardening parameter, K, as defined in equation (2.1), 
and function, F, are given by 
p
vK ε=      (2.2) 
and 
( )pvFF ε= ,     (2.3) 
where εvp  is the plastic volumetric strain. 
The hardening function, F, may be determined from the isotropic consolidation 
behaviour of the soil. Roscoe, Schofield and Thurairajah (1963) adopted the so-called 
linear relation between the specific volume, v =1+e, and ln p′,where e is the void ratio 
and p′ is the effective mean normal stress, from which the volumetric strain, εv, may be 
derived. The linear relationship between v - ln p′ is depicted in Figure 2.1. In the 
figure, λ and κ are the material constants that correspond to the respective slopes of the 
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normal consolidation line (NCL), and swelling lines. Irreversible plastic volume 
changes take place along the NCL, while reversible elastic volume changes occur 
along the swelling lines. Adopting a linear relationship between v and ln p′ is, 
however, a departure from actual behaviour. Accordingly, the change in void ratio, e
(= v-1), due to the pressure increment from a certain value to another, along swelling 
line, is the same, irrespective of the loading history due to normal consolidation. To 
overcome this problem, Hashiguchi (1974) derived an expression for the nominal 
strain by adopting a linear relationship between ln v and ln p′. In doing so, the 
logarithmic strain was used to calculate the principal strains from the displacement of 
the material particles. Since soil mechanics is concerned with far larger deformation 
than that of the mechanics of metals, the logarithmic strain would seem to be a better 
representation than nominal strain. 
Subsequent attempts have been made to provide a better yield surface for soils 
than that first suggested by Drucker et al. (1957). Roscoe et al. (1958) postulated a 
behavioural framework, based on the concepts of critical state and the existence of a 
state boundary surface, and Calladine (1963) suggested the theory of hardening 
plasticity as a basis for consistent formulation of models. The first elastic-plastic 
critical state models were the series of Cam clay formulations originally developed by 
Roscoe and his co-workers. The formulation of the original Cam clay (OCC) model, 
completely in terms of incremental elastic-plasticity, was undertaken by Schofield and 
Wroth (1968), among others. A brief summary of the OCC model is provided first, 
followed by a description of its various modifications to account for stiff soil 
behaviour. 
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2.3.1. Basic Formulation of Critical State Models 
The original critical state formulation was based, almost exclusively, on 
laboratory results from conventional triaxial tests. Thus, the model (OCC model) was 
first formulated two-dimensionally, in the triaxial (σ2 = σ3 or σ2 = σ1) plane, as 
follows: 













ppMq 0ln     (2.4) 
where p0′ defines the position of the yield surface, and is therefore, considered to be 
the hardening parameter. 
(ii) Isotropic hardening/softening is assumed, and the hardening/softening law is 
given in terms of the hardening parameter, p0′, which is related to the plastic 









.    (2.5) 
(iii) The model assumes an associated flow rule. 









ε .     (2.6) 
In the above equations, q = σ1-σ3,  p´= (σ’1+σ’2+σ’3)/3, and λ, κ and M are the model 
parameters. The principal stresses are σ1, σ2 and σ3. The model is defined in terms of 
effective stresses, and compressive stresses and strains are taken to be positive. 
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The discontinuity in the yield surface of the OCC model, at q=0, gives rise to 
both theoretical and practical difficulties. Since an AFR is adopted in the model, 
isotropic stress changes at that point would cause non-zero shear strains. Also, the 
model may have problems in yielding a reasonable stress response for certain applied 
incremental strain ratios. The modified Cam clay (MCC) model overcomes these 











.   (2.7) 
Consolidation and swelling lines are considered to be straight in the v - ln p′ plane. The 
critical state line is assumed to be parallel to the normal consolidation line in the 
logarithmic plot, shown in Figure 2.1. 
Both the models are considered to be of the basic Cam clay formulation, as 
most of their features are similar, except the shapes of their yield loci. In the models, 
the critical state point (point “C” in Figure 2.2) is the final state for a soil taken to 
failure, which is independent of the initial conditions. At the critical state, plastic 
volumetric strains cease and the stationary point of the yield surface is reached. Such a 
critical state has long been identified as a basic feature of soil behaviour. The 
succession of critical state points for different yield surfaces will lie on the straight 
critical state line (CSL) of slope, M (Figure 2.2). 
The state boundary surface (SBS) is unique, as shown in Figure 2.3. It is 
predicted by the models, outside of which, no state of soil can exist. A unique void 
ratio-critical state stress relationship is also specified by the models, which has been 
reported to be in accordance with observed soil behaviour (Rendulic, 1936; Hvorslev, 
1937; Henkel, 1960). It is noteworthy that this unique relationship between critical 
state stresses and void ratio (and therefore, specific volume) would not hold if, in the 
16
computation of the elastic volumetric strains, the model were to depart from equation 
(2.6). 










= .     (2.8) 
Assuming isotropy, the use of the above equation would result in a non-linear elastic 
model, in which K is proportional to p′ and v, although the change in the latter is 
usually small, and thus, sometimes neglected. In the original formulation of the Cam 
clay models, no elastic deviatoric strains were considered, implying an infinite value of 
the shear modulus, G. To avoid numerical difficulties and achieve better modelling 
inside the yield surface, elastic deviatoric strains are usually calculated from an elastic 
shear modulus. Several alternatives have been proposed in the literature (Potts and 
Zdravkovic, 1999). The most common applications are: (i) G varying as a multiple of 
the hardening parameter, p0′; (ii) G specified by a constant Poisson’s ratio; or (iii)) a 
constant G. 
The MCC model is a comprehensive soil model that is relatively simple to use, 
and combines, compatibly, associative plasticity with a frictional envelope and zero 
dilation in the ultimate condition. It can predict the different volumetric response of 
soil, depending on its stress history. If a soil element yields at a point to the right of C 
(Figure 2.2), plastic volumetric strains will be positive, and hardening will ensue. This 
side is known as the “wet” or “sub-critical” region. If yielding takes place to the left of 
C, plastic volumetric strains will be negative, and softening will result. This side is 
termed as the “dry” or “super-critical” region. In general, the MCC model performs 
well in predicting the volume changes in drained tests and pore pressures in undrained 
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tests, of normally to lightly overconsolidated clays, but is less successful in predicting 
the shear strain of these soils. 
The complete description of the model requires five parameters, which specify 
the shape and size of the yield locus of the soil specimen, at a given pressure and 
specific volume, as well as the elastic properties of the material. The model has been 
used on several occasions (Wroth and Houlsby 1980, Houlsby et al. 1982) to reproduce 
the major deformation characteristics of soft clay, when subjected to monotonic 
loading in laboratory tests. It has also been implemented in various finite element (FE) 
programs (Randolph et al., 1979; Carter, 1982; Britto and Gunn, 1987). 
2.4. Models for Stiff Soils 
The basic formulation for critical state modelling has been presented in 
preceding §2.3.1. The constitutive equations, of such modelling, are based on a single 
yield surface and D (density)-hardening. However, this type of constitutive modelling 
do not satisfactorily describe the actual behaviour of soils, in all aspects, especially in 
the supercritical region, as the softening, undergone by the models, results in an 
excessively high peak stress and large volume expansion (ISSMFE, 1985). Another 
important problem of the MCC model, as mentioned earlier, is its poor prediction of 
shear strains. As a result, various proposals for improving the basic critical state 
models have been made over the past twenty five years or so. The most significant 
ones, which are relevant for stiff soils, are reviewed below. 
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2.4.1. Cap Models 
 Dimaggio and Sandler (1971) proposed the simplest “cap model” that avoids 
the problem on the dry side of critical state. In this model, the softening portion of the 
MCC model was replaced with a spindle-shaped failure surface (Figure 2.4), assumed 
to be fixed, without expansion or contraction. Thus, a stress increment on this surface 
would give rise to perfectly plastic deformation only. In contrast, for the hardening 
portion, an ellipsoidal yield surface with D-hardening is used as the yield cap. While 
the yield cap surface moves according to the changes in plastic volumetric strain, the 
failure surface is fixed. No softening behaviour on the dry side is, therefore, predicted. 
Although this simple model was primarily proposed for the prediction of sand 
behaviour, application has been made to a wide range of geomaterials, including clays 
and rocks, by Sandler and Baron (1976), Khosla and Wu (1976), Nelson (1978), Baladi 
and Rohani (1979a), and Baladi and Sandler (1980). The simplicity and flexibility of 
the model is reflected in its wide application to numerical analyses of practical 
engineering problems (Sandler and Rubin, 1979; Chen and Baladi, 1985; Daddazio et 
al., 1987). 
Sandler and Baron (1979) extended the cap model to include a description of 
cyclic behaviour. This was done by assuming small surfaces, similar to the failure 
surface and yield cap, that translate within the failure surface, as depicted in Figure 
2.5. Baladi and Rohani (1979b) proposed a modification of the cap model to account 
for stress reversal. In this modified version, the yield cap contracts due to stress 
reversals, in such a way, that its crown approaches the origin along the critical state 
line while its apex on the hydrostatic axis is fixed (Figure 2.6). This contraction of the 
yield surface ceases beyond a specified limiting stress state, and is referred to as the 
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“residual yield surface”. However, the fact that the yield surface changes, without any 
plastic deformation, poses some problem in the physical interpretation of the model. 
2.4.2. Hvorslev Surface in the Supercritical Region 
 The introduction of a “Hvorslev surface”, as a means of modifying the 
supercritical yield surface (Figure 2.7), has been made by various authors. Houlsby et 
al. (1982) proposed the “Roscoe-Hvorslev model”, based on elastic, perfectly plastic 
behaviour, in the triaxial stress plane. Zienkiewicz and Naylor (1973) and Tanaka et al. 
(1987) adopted the Hvorslev yield surface for the supercritical side and used a non-
associated flow rule, with dilatancy increasing linearly from zero, at the critical state 
point, to some fixed value at 1=′p . It is noteworthy that, if associated plasticity were 
adopted on the supercritical side, an excessive dilatancy rate would result, and there 
would be a discontinuity at the critical state point itself. The critical state formulation, 
with the replacement of MCC yield, by Hvorslev yield, surface will be developed in 
generalized stress space, and presented in detail in Chapter 5. 
2.4.3. Double-hardening Models 
“Double hardening” models assume two yield surfaces that obey different 
hardening rules, thus expanding or contracting independently. Therefore, one yield 
surface would not be affected by any plastic deformation generated by the application 
of a stress increment on the other yield surface. The first double hardening, mixed-flow 
model was proposed by Lade (1977), which is shown in Figure 2.8. A yield cap has 
been placed on a yield cone, to constitute the two work hardening/softening yield 
surfaces. The surfaces enclose the elastic domain wherein non-linear elasticity is 
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assumed. At the intersecting line of the surfaces, the plastic strain increment vectors 
are superimposed on the stress space. This model, however, is not able to predict the 
critical state definitively. Yielding resulting from outward movement of the cap does 
not result in eventual failure. Failure is controlled entirely by the conical yield surface. 
A total of fourteen parameters are required to characterise the behaviour of the model. 
Although the model is applicable to generalized three dimensional stress conditions, 
the input parameters can all be derived from the results of standard laboratory tests. 
This model is appropriate for simulating the behaviour of granular soils, and has been 
extensively used for modelling the behaviour of fill materials used in embankment 
construction. Its implementation into finite element analysis is, however, not so 
straightforward (Kovacevic´, 1994). Vermeer (1982), Nishi and Esashi (1978) 
proposed similar double hardening mixed-flow models, in which the effect of Lode’s 
angle, θ, is taken into account by the use of Matsuoka and Nakai’s equation (1974) for 
a failure surface. 
In the mixed flow models of the preceding discussion, a conical yield surface 
with a non-AFR and a yield cap with an AFR were assumed. Ohmaki (1979, 1980) 
proposed a double-hardening model for clays, where both the yield surfaces adopted a 
non-AFR, as shown in Figure 2.9(a). The model incorporates E-hardening (defined in 
terms of “equivalent plastic strain” of metal plasticity) along with D-hardening 
(defined solely in terms of the plastic volumetric strains of soil plasticity). All the yield 
and plastic potential surfaces, of the model, take into account the effect of θ through 
the use of Matsuoka and Nakai’s (1974) equation for a failure surface, where θ denotes 
the Lode’s angle. 
Based on an undrained stress path and particular dilatancy equations for clays, 
Pender (1977a, 1978) proposed a double-hardening model with non-AFR. The first 
21
formulation of the model was mainly applicable to OC clays. Pender assumed a Mohr-
Coulomb type of yield locus, fη, with mixed hardening. The corresponding plastic 
potential function, gη, was derived from the dilatancy equation, which was regarded as 
a modification of the Cam clay model, for the prediction of adequate volume 
expansion and contraction, on the dry and wet side of the critical state. Pender 
extended his model to account for NC clay behaviour, by incorporating the undrained 
path as the NC yield locus, which is denoted by fp in Figure 2.9(b). The NC yield locus 
changes shape and position in the (P, σ*) plane. Pender’s model seemed to predict the 
overall elastic-plastic behaviour of clays quite satisfactorily, and was subsequently 
extended (Pender, 1982) to account for cyclic behaviour. 
2.4.4. Bounding Surface Models 
A conventional yield surface, in the classical theory of plasticity, separates 
elastic behaviour (corresponding to stress states within the yield surface) from elasto-
plastic behaviour (associated with stress states on the yield surface). This implies that 
for stress paths existing within the yield surface, only recoverable elastic strain would 
occur. But real soils often exhibit non-recoverable deformations on unloading and 
reloading. The accumulation of volumetric strain during drained cyclic loading, and 
that of pore water pressure during undrained cyclic loading, are examples of such non-
recoverable behaviour of real soils, when subjected to repeated stress-reversals. Since 
such cyclic loading moves the stress path below the yield surface; conventional elastic-
plastic models are, in most cases, unable to reproduce the observed soil behaviour. In 
order to overcome such a deficiency, a further development of the elastic-plastic 
framework has been found necessary. 
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One such development has been the introduction of bounding surface plasticity 
(Krieg, 1975; Dafalias and Popov, 1976). In this approach, a “bounding surface” 
(Dafalias and Hermann, 1980; Dafalias, 1982a and 1982b) is introduced, which in 
many respects, resembles a conventional yield surface (Figure 2.10). However, plastic 
straining is allowed, for stress-states within this surface, if loading occurs. The 
magnitude of the plastic straining is a function of behaviour defined for stress states on 
the bounding surface, and of the proximity of the current stress state to the bounding 
surface. A plastic potential and hardening/softening rule are related to the bounding 
surface. 
Whittle (1987) presented the MIT-E3 model for OC clays, which is an 
extension of Kavvadas and Baligh’s MIT-E1model (1982) for NC clays, based on the 
modified Cam clay formulation. The latter model deals with an anisotropic yield 
surface, kinematic plasticity and significant strain softening, under undrained 
conditions. In the MIT-E3 model, two additional features have been included, which 
are: (a) small strain, non-linear elasticity, using a closed-loop hysteretic stress-strain 
formulation; and (b) bounding surface plasticity. The model requires fifteen input 
parameters, some of which are difficult to evaluate. Because of its complexity and the 
difficulty in evaluating some of the fifteen input parameters, it has limited practical 
application. Whittle (1993) demonstrated the ability of the model to accurately 
represent the behaviour of three different clays, subjected to a variety of loading paths. 
Currently, the versatile MIT-E3 model is used mainly for research, but it does indicate 
how the constitutive models might look in the future. 
23
2.4.5. Bubble Models 
As indicated in the preceding discussion, since conventional elastic-plastic 
models cannot predict, properly, the behaviour of soils subjected to cycles of loading 
and unloading, an extension to the classical theory has been proposed known as 
bounding surface plasticity. Although the bounding surface plasticity models (for 
example, the MIT-E3 model) are an improvement over conventional elastic-plastic 
models, they still have some deficiencies. The assumption of purely elastic behaviour, 
during unloading in these models, restricts the degree of coupling between volumetric 
and deviatoric components of deformation. As suggested by the Masing effect 
(Masing, 1926), the elastic region is considered to move with the current stress. In the 
light of such behaviour, a way of improving the framework, further, would be to 
introduce a small kinematic yield surface, often termed as the “bubble”, which moves 
within the outer bounding surface, as shown in Figure 2.11. It is assumed that within 
the bubble, the behaviour is elastic, while outside of it, the behaviour is elastic-plastic, 
and as the stresses change within the outer bounding surface, the bubble moves. 
Al-Tabbaa (1987) and Al-Tabbaa and Wood (1989) developed a bubble model 
for clay with a single kinematic yield surface (bubble) and an outer bounding surface 
designated by the conventional modified Cam clay yield surface. Stallebrass and 
Taylor (1997) extended this model to incorporate two nested, kinematic yield surfaces, 
in order to account for the yield at small strains, as well as the effects of recent stress 
history in OC clay. The preceding conceptual framework of bubble models may be 
readily extended to deal with models, which have multiple kinematic yield surfaces. 
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2.4.6. Constitutive Behaviour and Failure Criteria of Soft Rocks 
The majority of naturally-aged in-situ materials, often described as “soils”, 
actually refers to “soft rocks”. These are characterized by certain degree of lithification 
or cementation. The presence of anisotropy and discontinuities are other major features 
of soft rocks that demand special consideration in their constitutive modelling 
(Vaughan, 1997).  
In general, the stress-strain response of soft rock is similar to that of OC soils 
(ISSMFE, 1989). The shear stress-strain curves commonly observed, under triaxial 
compression tests of soft rocks in the range of low confining pressures, indicate that 
brittle deformation is dominant and softening behaviour occurs. With increase in the 
confining pressure, however, the behaviour becomes ductile and only strain hardening 
occurs. This is indicated in Figure 2.12. The volumetric strain versus axial deformation 
behaviour of soft rocks, indicates that volume compression occurs in the early stages 
of loading, and volume expansion usually takes place before peak strength. As the 
confining pressure is increased, this trend of volume expansion becomes less 
significant. The typical behaviour of lithified porous materials, of widely different 
strength, has been presented by Vaughan (1997). 
Previous researchers (Chiu and Johnston, 1984; Johnston and Novello, 1985) 
have shown that the concepts of critical state theory may be applicable to soft rocks at 
relatively low stresses. At higher stresses, cracking and dilation takes place and the 
behavior of soft rocks tend to deviate significantly from critical state model 
predictions. Johnston and Novello introduced a “crack volume” concept to account for 
the influence of crack propagation, and demonstrated that the intact material of the 
specimen volume follows the general principles of critical state soil mechanics right up 
to specimen failure. In their later work (Novello and Johnston, 1995), they showed the 
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equivalence of overconsolidated and normally consolidated behaviour of soils with the 
brittle-ductile transition of rock, and suggested that all these apparently different 
geotechnical materials may be related within the critical state framework. 
Vermeer (1998) pointed out that, for stiff soils as well as concrete and rocks, a 
non-associated plasticity theory would be more appropriate as experiments have 
disproved Drucker’s hypothesis of normality for the case of such materials. Typical 
data obtained from triaxial tests, on these dilatant materials, demonstrated that 
associated plasticity could not satisfactorily describe the test results. The salient 
difference from associated plasticity theory lay in the introduction of a “dilatancy 
angle” that controls the plastic volume changes. The need for non-associative plasticity 
was demonstrated in detail, by considering an elementary model (elastic, perfectly 
plastic) that serves as the basis for the more sophisticated models, which consider 
isotropic hardening and softening, including damage variables. Vermeer (1998) has 
stated that there exist several such models, that have been put into finite element 
coding and are being applied to problems encountered in practical geotechnical 
engineering. In the effort to extend such models to include anisotropic 
hardening/softening, it has become clear that, models incorporating the softening 
phenomena suffer from instabilities upon application in such coding and others, in the 
numerical solution of boundary value problems. The need for further research in this 
area was emphasized.  
In view of these observed behaviour of soft rocks, several elastic-plastic 
models, such as identified in the foregoing discussion, have been adopted to predict the 
constitutive behaviour of these materials. Maekawa and Miyakita (1983) showed that 
the shape of the initial yield surface for diatomaceous mudstone, when subjected to 
triaxial testing, is very similar to that of the Cam clay model (Roscoe et al., 1963). This 
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suggested the fact that the stress-strain relations, for soft rock, may also be similar to 
those of natural OC clay. 
Price and Farmer (1979) examined the applicability of the critical state concept 
to the yielding of soft rocks, and found that the critical state is the ultimate state that 
can be reached by the homogenous deformation of soft rocks. As mentioned in 
foregoing §2.4, this type of deformation usually requires a significant increase in the 
confining pressure of soft rocks. Price and Farmer (1981) also reported that a 
“Hvorslev surface” exists for soft rocks. Gerogiannopoulos and Brown (1978) 
proposed to modify the Cam clay model, in order to explain the brittle behaviour of 
soft rock. Based on this approach, Elliott and Brown (1986) obtained the yield surface 
of Bath Stone and showed, experimentally, that the proposed methods are applicable to 
rock. In the model, an AFR was adopted, and later extended to incorporate a non-AFR 
yield surface (Michelis and Brown, 1986). Elastic-plastic models, applicable to soft 
rocks with non-AFR yield surface were also proposed by Ichikawa et al. (1987, 1988). 
All the models applicable to soft rocks mentioned so far do not account for strain 
softening.   
Desai and Salami (1987) proposed a general, yet simplified model for soft rock, 
based on elastic-plasticity theory, which can characterize the behaviour of soft rock, 
such as hardening/softening, dilatancy, stress path dependency, cohesive and tensile 
strengths, and so on. 
2.5. Summary on Constitutive Modelling of Stiff Soils 
The constitutive behaviour of elastic-plastic deformation of soils (including 
their extended application to soft rocks) that have been developed over the past forty 
years, has been reviewed. There have been numerous attempts made to describe the 
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complex nature of irreversible soil deformation, that involves mainly pressure 
dependence and plastic volume change or softening. In this effort, the main emphasis 
has been on the formulation of constitutive equations for soils, in the most general 
form. Elastic, perfectly plastic models and elastic-plastic models with strain 
hardening/softening plasticity, as well as plasticity generated in the sub-yield state, to 
account for anisotropy and cyclic loading, have been considered. 
To date, we still do not have a single constitutive model, acknowledged by 
everyone as satisfactorily describing all facets of real soil behaviour, with a reasonable 
number of input parameters, and thus be universally applicable to the analysis of 
practical problems in geological engineering. Among the available elastic-plastic 
models, the modified Cam clay appears to be the best choice for conventional soil 
modelling, mainly because of its simplicity, and ability, to produce reasonably good 
predictions. However, there are certain limitations of the MCC model, especially in the 
super-critical region, as discussed in the foregoing §2.3.1. In the present study, these 
limitations will be duly addressed, in order to obtain a general soil model (Hvorslev-
MCC), in three-dimensional stress space, for analyzing the shear behaviour of soil in 
the super-critical region. It should be emphasised here, that all of the elastic-plastic 
models discussed so far, including the Hvorslev-MCC model, are based on continuum 
assumption, and therefore, applies only if the material remains intact. 
In spite of the various attempts to model the strain-softening behaviour of 
naturally overconsolidated clays and soft rocks using the theory of plasticity, such an 
approach has been criticized mainly from the strain-localization point of view. Read 
and Hegemier (1984) argued that the strain-softening behaviour does not exist locally 
on the continuum level. Sandler (1986) concluded that strain softening is not a material 
property, but simply a manifestation of the effects of the progressively increasing 
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inhomogeneity of deformation. The continuum-based, elastic-plastic models can not 
accurately deal with the actual kinematics of strain softening, and thus, may not have a 
sound basis for application to soils on the dry side of critical state. However, they 
appear to be capable of reproducing some of the salient features of soil behaviour. It 
will be discussed in Section 2.7 that if the continuum based models are implemented 
properly (that is, with regularization), they could be used to analyse boundary value 
problems with stiff soils. 
2.6. Three Dimensional Response of Stiff Soils 
Geomaterials, such as stiff soils and rocks, are commonly encountered in 
diaphragm wall construction, tunnelling, excavations, embankments and slope stability 
problems. Accurate predictions of ground movement due to installation of diaphragm 
walls remain a great challenge to many practising engineers and researchers. This is 
mainly because of the complex three-dimensional (3D) nature of the installation 
process. Ground response around a tunnel excavated by a tunnel boring machine is a 
complex problem, which requires understanding of soil-machine interactions, 3D 
ground movements, and soil-pore water behaviour (Komiya et al., 1999). 
Although these field problems are actually three dimensional in nature, most of 
them may be approximated as plane strain problems. Adequate modelling and safe 
design of the numerous problems encountered in geotechnical engineering requires 
proper evaluation of the mechanical behaviour of soils. The most common procedure 
used by the geotechnical community and researchers to evaluate the constitutive 
behaviour of soils is the conventional triaxial compression test, where soil samples are 
tested under axisymmetric loading condition. However, the stress-strain behaviour and 
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failure patterns of soils under the plane strain condition are different from the triaxial 
case. 
A large number of centrifuge studies are being carried out using normally 
consolidated and overconsolidated kaolin clay (Sharma, 1994; Dasari, 1996; Ilyas et 
al., 2004). Finite element analyses are often conducted to calibrate constitutive models 
and gain more insight into the problems. The present general practice is to back 
analyse most of the centrifuge tests, using constitutive models whose parameters are 
derived from conventional triaxial compression (CTC) tests. Although triaxial tests 
capture most of the salient features of soil behaviour, they may vary significantly 
under plane strain conditions (Potts and Gens, 1984; Mochizuki et al., 1993; Mita et 
al., 2004). Critical state models, used in computational applications of geotechnical 
problems, assume a constant value of critical state stress ratio, M, implying that the 
critical state angle of shearing resistance, φcs',  is a variable quantity for soil. Models 
with constant M predict the same strength for soils in all the shearing modes. Ohta et 
al. (1985) and Height (1998) have demonstrated that the strength of soil varies in 
different shearing modes. Sharma (1994) and Dasari (1996) have analysed centrifuge 
tests, using constant M as well as variable M, and indicated that the predictions using 
variable M agreed better with observations. It is therefore, important to determine the 
magnitudes of these parameters under various loading conditions. Moreover, it is 
desirable to back analyse centrifuge tests by calibrating models to the more relevant 
plane strain data. 
The unavailability of standard plane strain apparatus and procedure resulted in 
very limited studies (Vardoulakis, 1980; Desrues et al., 1985; Tatsuoka et al., 1986, 
1990; Han and Drescher, 1993; Finno et al., 1997; Alshibli et al., 2003) aimed to 
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thoroughly investigate the constitutive behaviour of soils, particularly heavily 
overconsolidated kaolin and other stiff clays, under plane strain condition. 
The present work has been undertaken to address some of the research needs 
highlighted above. The objective of this work is to develop a simple constitutive model 
for OC soil in general 3D space, and evaluate its performance.  Furthermore, the 
present work aims at developing a plane strain testing device to conduct drained and 
undrained compression tests on heavily OC kaolin clay in order to investigate its 
stress-strain behaviour. Before addressing these objectives, available literature on 3D 
response of stiff soils will first be discussed, followed by a review of literature relating 
to plane strain or biaxial apparatus. 
2.6.1. Yield and Failure Surfaces in 3D 
 Soil undergoes both elastic and plastic deformation when subjected to loading. 
A constitutive relationship capable of modelling stress-strain behaviour of soil up to 
and beyond failure is a basic requirement for integrated analysis of movements and 
failure of a soil mass. Development of such a relationship generally involves 
separating the elastic and plastic behaviour. This is achieved using a well-defined 
curve known as the yield locus defined in a shear stress – normal stress (J-p') space. 
Elastic, recoverable deformations occur when the soil stress state lies inside the yield 
locus, whereas irrecoverable, plastic strains (deformations) occur when a particular 
stress path puts the stress state of a soil medium on or outside the yield locus. Elasto-
plastic constitutive models help distinguish between the recoverable and irrecoverable 
deformations for understanding the stress-strain behaviour of soil during loading and 
unloading. 
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 With the rapid advances of computing technology, finite element analysis is 
assuming more important role in the elasto-plastic analysis of problems commonly 
encountered in geotechnical engineering practice. The advantage of finite element 
analysis lies in its ability to accommodate complex soil stratigraphy and its potential 
for solving three-dimensional soil-structure interaction problems. For this purpose, the 
concepts of elasto-plastic soil behaviour must be expressed in general stress and strain 
space for use in finite element analysis in order to be able to describe soil behaviour 
under multi-stress conditions and hence, analyze general boundary value problems.
 Furthermore, in order to describe general soil behaviour, it is necessary to 
express the soil constitutive model in terms of effective stresses. The well-known 
Mohr-Coulomb and Drucker-Prager (Drucker and Prager, 1952) type models have 
been successfully adopted in analysis of geomaterials due to their relative simplicity. 
Several other constitutive models, incorporating different failure surfaces, have been 
developed over the past years, each trying to improve the fit to real soil behaviour. 
Among these, Matsuoka and Nakai’s (1974) and Lade’s (Lade and Duncan, 1975) are 
probably the best known. 
2.6.1.1. Mohr-Coulomb failure criterion 
 The Mohr-Coulomb failure criterion is used extensively to approximate the 
failure conditions for soils. The well-known Coulomb failure criterion is extended to 
give the Mohr-Coulomb yield function (or failure criterion), which may be written in 
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In the above equations, c' and φ' denote the cohesion and angle of shearing resistance, 
respectively of the soil medium. 
 In principal effective stress space, the Mohr-Coulomb yield function, given by 
equation (2.9), plots as an irregular hexagonal cone as shown in Figure 2.13. The 
corners of this hexagonal yield surface imply singularities in the yield function. In 
particular, the partial derivatives with respect to the stress components, which are 
needed to define the elasto-plastic constitutive matrix in the finite element formulation, 
are not unique at the corners. Usually, some ad hoc rounding of the corners needs to be 
incorporated in the finite element code. Another common, but not the only, way to 
overcome the corner problem is to modify the yield function so that it plots as a 
cylindrical cone in the deviatoric plane, resulting in the well-known Drucker-Prager 
yield surface (Drucker and Prager, 1952). Figure 2.14 depicts the hexagonal Mohr-
Coulomb yield surface and its equivalent Drucker-Prager circular yield surfaces in the 
deviatoric plane. In this figure, (σ'a)pr, (σ'b)pr and (σ'c)pr represent the projections of the 
principal stress axes (σ'a, σ'b, and σ'c, respectively) onto the deviatoric plane. 
 Other three-dimensional failure surfaces have been suggested which are 
continuous and agree better with experimental results in the deviatoric plane. Some of 
these are highlighted next. 
2.6.1.2. Matsuoka and Nakai’s failure criterion
 Matsuoka and Nakai’s failure surface (Matsuoka and Nakai, 1974) can be 
expressed in terms of g(θ) as follows:  
fJg ηθ 2)( =       (2.11) 
33
where J2ηf can be obtained for a specific value of Lode’s angle, θ, by solving the 
following cubic equation: 
0)9()(3sin
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where MJ is the gradient of the critical state line in J-p' space, corresponding to triaxial 
compression, θ = -30°, where θ denotes Lode’s angle . The shape of the failure surface, 
defined by equation (2.11), in the deviatoric plane is depicted in Figure 2.15. 
2.6.1.3. Lade’s failure criterion 
 Lade’s failure surface (Lade and Duncan, 1975) can also be expressed by 
equation (2.10), with J2ηf obtained for a specific value of Lode’s angle, θ, and mean 
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where, η1 and m are material properties, and pa is atmospheric pressure. The 
shape of Lade’s surface in the deviatoric plane is also shown in Figure 2.15. The three 
failure surfaces discussed above are, perhaps, the most well known criteria to describe 
soil failure conditions, each incorporating a desired shape for yield surfaces or plastic 
potential surfaces in the deviatoric plane. 
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 As discussed earlier in preceding §2.4, the introduction of a “Hvorslev 
surface”, as a means of representing the supercritical yield surface, has been made by a 
few authors. However, all the models mentioned in this section, have the common 
limitation that they were developed from conventional triaxial data and suitability of 
these models for three-dimensional problems has not been investigated. The 
generalized three-dimensional (3D) behavior of soils has been the subject of recent 
research (Zdravkovic, 2000; Abelev and Lade, 2003; Mita et al., 2004), thus now it is 
possible to develop and evaluate 3D constitutive models. These models are often used 
in the solution of boundary value problems under general loading conditions. 
 Developers and users of these constitutive models need to methodically 
investigate the represented soil response under a wide range of loading conditions. In 
this regard, relatively limited work has been done in evaluating the suitability of the 
existing models for stiff soils, in particular, heavily OC kaolin clay that is widely used 
in centrifuge studies and other research areas of soil behaviour. The present study is 
therefore, undertaken to address this issue by developing a simple constitutive model 
for OC soil in general 3D space, and evaluate its performance in terms of experimental 
results obtained from various shear tests conducted on heavily OC kaolin clay 
specimens. 
2.6.2. Biaxial Apparutus 
It has been pointed out at the beginning of this section, that most problems 
encountered in the field of geotechnical engineering are plane strain problems, or can 
usually be approximated as plane strain problems. In spite of this known fact, the 
common practice for evaluating the constitutive behaviour of soils is by means of the 
conventional triaxial compression test where samples are tested under axisymmetric 
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loading condition. This is mainly due to the lack of standard biaxial apparatus and 
procedure, leading to very limited studies (Vardoulakis, 1980; Desrues et al., 1985; 
Tatsuoka et al., 1986, 1990; Han and Drescher, 1993; Finno et al., 1997; Alshibli et al., 
2003) aimed to thoroughly investigate the constitutive behaviour of soils under plane 
strain condition. The stress-strain behaviour and failure patterns of soils under the 
plane strain condition are different from the triaxial case. Furthermore, researchers 
(Peters et al., 1988; Peric et al., 1992, 1993) have shown that the stress state or the 
loading configuration plays a vital role in the localization of deformations in 
homogenous materials, which becomes even more evident in stiff materials like dense 
sands and heavily OC clays. Research indicates that localization is more readily 
initiated under plane strain compression than under triaxial compression or extension. 
This reinforces the need for understanding plane strain response of stiff soils. 
 Even though localized failure zones have been observed frequently during the 
failure of geotechnical structures, as well as following the peak loading of soil test 
specimens, it was only fairly recently that systematic studies were undertaken to 
analyze and describe their occurrence and patterns (Drescher et al., 1990). The 
theoretical studies focus mainly on predicting shear-band initiation (Vardoulakis, 
1980). The experimental efforts are at an even earlier stage of development, and 
concentrate on reproducing shear bands under laboratory-controlled conditions. 
Consequently, the database for localized failure in soils is rather limited, and pertains 
to particular soils and loading conditions only (Vardoulakis and Goldscheider, 1981). 
Most of the published work deals with the static or cyclic behaviour of sands under 
triaxial loading conditions (Vaid and Chern, 1983). However, field problems involving 
geotechnical structures, are often plane strain situations, and hence, data obtained from 
triaxial testing would not apply in principle. Lee (1970) performed a series of drained 
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and undrained plane strain (PS) and triaxial compression (TC) tests on fully saturated 
fine-grained sand and showed that PS specimens reach higher values of maximum 
principal stress ratio than do TC specimens, and the difference decreases as the void 
ratio increases. Moreover, PS specimens fail at smaller axial strain with severe 
softening as opposed to TC specimens. In addition, he concluded that failure of the PS 
specimens always occurred along a single well-defined shear plane, whereas in the 
axisymmetric triaxial tests, either localized shear plane or bulging diffuse failure 
modes occurred. Mochizuki et al. (1993) also found that, when soil is tested under 
plane strain conditions, it, in general, exhibits a higher compressive strength and lower 
axial strain, than the triaxial case. The latter could be a cause for concern when 
strength parameters from triaxial compression tests are adopted for design. 
 Peters et al. (1988) have found that shear bands are initiated more easily under 
plane strain than axisymmetric conditions, and the friction angle, φ, is, in general, 
about 2° higher, in the plane strain testing of sands. Furthermore, in triaxial 
compression tests, the axisymmetry is destroyed at the initiation of shear banding, and 
the credibility of post shear band test results could be questionable. This is not the case 
of plane strain testing, however, in that the plane strain condition is maintained at the 
initiation, and during as well as after, the formation, of the shear band. In this 
connection, the behaviour of fine-grained sands, tested under plane strain conditions, 
has been reported (Han and Vardoulakis, 1991; Han and Drescher, 1993; Mochizuki et 
al., 1993). The plane strain testing of clay has been initiated, only recently (Drescher et 
al., 1990; Finno and Rhee, 1993; Viggiani et al., 1994), while, published data of such 
tests, especially for hard soil / soft rock, is virtually non-existent. 
 The first plain strain testing of soil, is attributed to Kjellman (1936), in which 
he used a principal stress-controlled testing device, by combining three pairs of rigid 
37
plates. Jakobson (1957), Lorenz et al., (1965) and Hambly and Roscoe (1969) adopted 
this type of testing device, subsequently, and found the problem of the “corner 
junction”, occurring at the intersection of the rigid plates, insurmountable. Wood 
(1958), on the other hand, used a long, rectangular specimen, in which plane strain was 
believed to be easier to control. Cornforth (1964) proposed a similar device, 
subsequently known as Bishop-Cornforth device. However, Finn et al., (1968), Lee 
(1970) and Marachi et al., (1981), who adopted this method, later pointed out that the 
friction force, on the axial loading surface, would cause considerable inaccuracy in the 
measurements of stresses and strains. 
 Green (1971), on the other hand, developed a test device, using a rectangular 
specimen of 84mm x 76mm x 53mm, after which test apparatus using small, 
rectangular specimens were developed, increasingly. The miniaturizing of specimen 
was made possible with the increase in accuracy of the measuring instruments. 
However, Bishop (1981) pointed out that Green’s method, which had the σ2-loading 
surface suspended by wires, could not perform as expected. Thereafter, most of the 
plane strain equipment (Green and Reades, 1975; Mochizuki et al., 1988; Peters et al., 
1988; Drescher et al., 1990; Han and Vardoulakis, 1991 and Viggiani et al., 1994) was 
devised with the common feature of using rigid walls and tie-rods, to impose zero-
strain boundary conditions along one of the principal axes. This method was found to 
be satisfactory, and friction between the rigid walls and test specimen could be 
adequately mitigated, using silicone lubricant. 
 However, for compatibility, shape of the rubber membrane in all these devices 
had to be customized. This often resulted in rubber membranes of complex shapes. 
Test set-ups, with such rubber membranes, often resulted in slackness and the 
formation of air pockets (Drescher et al., 1990). Some researchers (Mochizuki et al., 
38
1993) have resorted to applying suction to remove the air pocket, which is not very 
desirable, while it is not known what the others did about it. The application of suction 
to remove air pockets may cause swelling and destruction of the sample, resulting in 
unacceptable disturbance. Complications in the set-ups also require special treatment, 
failing which, excessive sample disturbance could also occur, rendering the test results 
unreliable. These factors not only increase the cost of the device, but also that of 
carrying out the test, due to the need for special treatment. Furthermore, the fixed size 
of rubber membranes may leave little tolerance in the height of the specimen. 
However, it should be anticipated, and often inevitable, that the sample height would 
vary. 
2.6.3. Summary 
 Computational analyses of boundary value problems demand constitutive 
models to be formulated in the generalized three-dimensional stress space so that soil 
response can be evaluated under general loading conditions. In reality, most 
geotechnical problems can be closely categorized as plane strain problems. However, 
the common procedure used by the geotechnical community to evaluate the 
constitutive behaviour of soils is the conventional triaxial compression test. The 
unavailability of standard plane strain equipment and testing procedure has resulted in 
limited studies aimed at thoroughly investigating the stress-strain behaviour of soils 
under plane strain condition. Most of these studies have been conducted for sands. 
Consequently, the need for similar investigation for the study of the constitutive 
behaviour of clays can not be over-emphasised. 
 Experimental findings show that the failure of specimens under plane strain 
loading condition is characterized by strain localization and softening in the stress 
39
response while specimens in triaxial compression tests bulge uniformly in the vicinity 
of peak stress (Alshibli et al., 2003). Based on these findings, it is quite clear that the 
deformation processes and the stability behaviour and/or failure mechanisms are quite 
different for triaxial and plane strain tests. Very little experimental results with respect 
to the formation of localized deformation under generalized principal stress conditions 
are available from previous studies (Wang and Lade, 2001). Extensive testing under 
these loading conditions are therefore, required to get a better understanding of soil 
behaviour under these two basic but very different modes of shearing. 
2.7. Instability of Geomaterials 
The literature review covered so far, concentrated on one particular aspect of 
research which is based on the continuum approach of modelling materials with the 
basic assumption that the material is homogenous. In fact, real materials are 
profoundly heterogeneous and this heterogeneity usually pre-exists any external 
loading. When such materials are loaded, the heterogeneities within them are often 
responsible for causing localization of strain, leading to a macroscopic instability of 
the material. In other words, the appearance of localization or other bifurcation modes 
often manifests itself in specimen or system instability under specific loading 
conditions. The mathematical formulation of bifurcation phenomena constitutes the 
basis of a continuum theory of failure. This theory and its applications are crucial in 
adequate modelling and safe design of various problems in geotechnical, as well as 
petroleum and mining engineering. The following sections are therefore dedicated in 
highlighting the developments that have taken place over the last few years in the field 
of bifurcations and instabilities in geomechanics in terms of analytical solutions, 
numerical methods, and experimental techniques. 
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It is worth mentioning here that the heterogeneities within materials, as 
mentioned above, could lead to three broad types of instabilities (Lade, 2002). The first 
instability is referred to as a smooth peak failure, in which soil continues to behave as a 
continuum with uniform strains, and smooth peak failure is followed by strain 
softening. The second instability is known as Castro’s type liquefaction, which occurs 
in certain regions of stress space, and potentially results in liquefaction of the granular 
material. The third instability is termed as brittle fracture, which is the most important 
in the context of the present study. Brittle fracture can again be classified into two 
major categories, namely, extensional fracture and shear fracture or shear band. In 
brittle materials, the heterogeneity causes fissuring or micro cracks, which eventually 
develop into macroscopic extensional fractures or shear fractures/ bands. These will be 
discussed next. 
2.7.1. Extensional Fracture 
Under direct tensile loading, materials fail by developing a fracture plane 
perpendicular to the major principal stress (parallel to minor principal), as shown in 
Figure 2.16 (a). Although the tensile or extensional fractures are best known from their 
occurrence in the direct tensile test, they may appear under compressive loading as 
well. The tensile fractures that occur under compressive loading are also known as 
‘axial splitting’ and ‘axial cleavage fracture’ (Gramberg, 1989). These tend to occur in 
a direction perpendicular to the minimum principal stress, as shown in Figure 2.16 (b). 
These fractures are results of material failure in tension rather than in shear. Voigt (as 
reported in Gramberg, 1989) tested cylinders made of artificially composed brittle 
material. When loaded, the cylinders broke into two with a tensile fracture.  The 
Brazilian test to determine tensile strength of rock is another example in this category. 
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Gramberg (1989) reported experimental results of rock samples tested under uniaxial 
loading. According to him, fracturing always took place in the axial direction (and not 
in the generally expected oblique shearing mode) in dense, fine-grained rock types like 
lithographic limestone, silex (flint), pyrites and window glass. The samples were split 
into two, almost equal halves, by way of a fracture plane in the axial direction (the 
direction of the axis of the pressure). 
2.7.2. Shear Fracture 
Shear fractures, or commonly called shear bands, occur due to shear stress. 
Appearance of a shearing band, as shown in Figure 2.17, can be considered as the 
ultimate process of a plastic strain by slip. In 1773, Coulomb first reported on fracture 
taking place under compressive loading as a result of shear failure (Heyman, 1972). He 
was the first to correlate the orientation of rupture planes and the direction of the 
maximum shearing parallel to them and also attributed the angle differences with 
respect to 45° to the internal friction of the material. Since then, the famous Mohr-
Coulomb criterion has been used to represent the most conventional approach in rock 
mechanics, to the problem of rupture in compression. It is also the earliest as it dates 
back to the 18th century. In the historical literature, compressive triaxial tests by Von 
Karman (1911) (as reported by Gramberg, 1989) on Carrara marble showed visible slip 
lines. 
2.7.3. Extensional or Shear Fracture? 
As seen in Figure 2.16 and 2.17, extensional, and shear, fractures could occur 
under both compressive as well as tensile loading. The occurrence of extensional 
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fractures during compressive loading, that is, in the absence of macroscopic tensile 
stress, has resulted in a good deal of speculative discussions (Paterson, 1978; 
Gramberg, 1989). It is important to understand reasons for this apparent paradox. 
 Jaeger and Cook (1976) analyzed distribution of stresses around a hole, which 
represents imperfection, in an elastic medium subjected to compressive stresses. They 
showed that, although only compressive stresses were applied globally, tensile stresses 
developed locally around the hole. These tensile stresses would result in micro cracks. 
The micro cracks due to the tensile stress propagate parallel to minor principal stress 
plane in mode I fracture, and result in axial splitting of the material, even under 
compressive loading. The tensile stresses are considered to be the reason for 
extensional failure under compressive loading. On the other hand, if enough confining 
pressure is applied, it would suppress local tensile stresses around the imperfections. 
Under such loading, extensional fractures may not occur; instead shear fracture would 
occur, as shown in Figure 2.17. 
 It was generally thought that all the materials, based on Mohr-Coulomb type 
failure criterion, would fracture only by oblique shear bands (Gramberg, 1989). 
However, now it is well accepted that tensile fracture can also occur during 
compressive loading. The key is the confining stress. At low confining stresses, 
extensional fracture is dominant, where as at medium to high confining stresses, shear 
fracture is dominant. In geotechnical engineering, material everywhere (except the soil 
very near the ground) is subjected to confining stress. Thus, it is expected that shear 
fracture is more common than extensional fracture. In the following sections, available 
literature related to shear bands is presented and discussed. 
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2.7.4. Experimental Work on Shear Bands 
During localization, deformation is observed to concentrate into narrow zones 
known as the shear bands. Shear bands are observed in foundations and retaining 
walls; and also in soil elements subjected to standard laboratory tests such as the shear 
box, plane strain, and triaxial apparatus. The shear bands and ruptures control the 
overall pattern of behaviour of the soil mass concerned. Consequently, the 
phenomenon of shear banding has received considerable attention by different 
researchers over the last two decades. 
However, very limited experimental results with respect to the formation of 
shear banding under generalized principal stress conditions are available from previous 
studies (Wang and Lade, 2001). Moreover, most of these experiments are conducted 
on sands. Budhu (1984) used simple shear apparatus while Desrues and Hammad 
(1989), Yagi et al. (1997) used triaxial devices to conduct shear tests on sands to study 
the shear banding characteristics.  Desrues and Hammad (1989) investigated the 
effects of confining pressure on the development of shear bands in Hostun RF sand 
specimens using stereophotogrammetric method to track deformations of loose and 
dense specimens. They found that localization is delayed by increasing confining 
pressure and this effect is more evident in dense specimens compared to loose 
specimens. The tests reported by Yamamuro (2002) addressed the effect of strain rate 
on the stress-strain behaviour of granular materials and the mode of shear banding in 
triaxial loading. It was demonstrated that at high strain rates, granular soil reaches peak 
stress at very low axial strains, with subsequent development of a shear band and rapid 
decrease of stress. 
Plane strain compression tests on dry and water-saturated sands using biaxial or 
plane strain devices have been conducted by  several researchers (Arthur et al., 1977; 
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Arthur and Dunstan, 1982; Desrues et al., 1985, 1996; Vardoulakis, 1980, 1985, 1996; 
Yoshida et al., 1993; Tatsuoka et al., 1986, 1990; Drescher et al., 1990; Han and 
Verdoulakis, 1991; Han and Drescher, 1993; Finno et al., 1996, 1997; Pradhan, 1997; 
Sada et al., 1999; Alshibli et al., 2003) in order to thoroughly investigate the 
constitutive behaviour of soils under PS conditions. It is reported from the findings of 
these test results that the observed softening in the stress-strain behaviour is a global 
response to the slip mechanism at the onset of shearing. Softening becomes more 
severe as the specimen density increases. Desrues et al. (1985) showed experimentally 
that localization initiates in the hardening part of the PS tests. Verdoulakis et al. (1978) 
reported that localized deformations develop at the peak in their PS tests. Alshibli et al. 
(2003) found out that localized deformation first developed at the peak stress with no 
evidence of it being developed in the hardening regime before the peak. Another 
interesting feature in these plane strain tests was the imposed boundary conditions on 
the test specimens, that is unrestrained versus restrained end platens. The bottom end 
platen of the biaxial apparatuses used by Verdoulakis (1980), Han and Drescher (1993) 
and Finno et al. (1996) was restrained against rotation but free to move laterally, 
whereas both end platens in the apparatus used by Alshibli et al. (2003) were restrained 
against lateral movements as well as rotation. Desrues (1998) discussed the importance 
of boundary conditions in dictating the failure of PS specimens resulting in conjugate 
shear bands or parallel shear bands. 
Wang and Lade(2001), and  Abelev and Lade (2003a, 2003b) conducted true 
triaxial tests on Santa Monica beach sand to investigate the occurrence of failure, and 
soil behaviour in the vicinity of failure, over a full range of “b”[= (σ2 – σ3)/ (σ1 – σ3)]
values. The experiments indicated that shear banding initiates in the hardening regime 
for b-values of 0.18-0.85. Consequently, peak failure is caused by shear banding in this 
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middle range of b-values, and a smooth, continuous 3D failure surface is therefore not 
generally obtained for soils. Chu et al., (1996) and Chu (2002) conducted similar 
investigation to study whether strain softening of sand can occur as a true material 
property of a soil element under a multi-axial stress condition. The tests reported by 
Chu (2002) were aimed at exploring the failure mechanisms in drained, undrained and 
partly drained sand specimens for triaxial, multiaxial and axisymmetric tubular tests. 
Photographic technique was used to detect the initiation of shear band and it was found 
that strain-softening is path-dependent and shear band formation is not necessarily a 
consequence of boundary imperfections, but can occur as the inevitable response of a 
sample to certain stress states and shear paths. Three types of strain softening have 
been identified in the above literature; the first is due to boundary imperfections such 
as end platen restraints. The second is banding softening where the associated shear 
band formation is an inevitable response to the imposed stress state and stress-strain 
path. The third and final is the true material softening where the deformation remains 
homogenous during the course of strain softening.  
Comparative study between plane strain (PS) and triaxial compression (TC) or 
triaxial extension (TE) tests have been undertaken by several researchers. Lee (1970) 
and Marachi et al. (1981) performed a series of drained and undrained, PS and TC tests 
on fully saturated fine-grained sands. Lee (1970) concluded that failure of the PS 
specimens occurred along a single well-defined shear plane, whereas in the TC tests, 
either localized shear plane or bulging diffuse failure modes occur depending on the 
specimen density and the confining pressure. Desrues et al. (1996) used computed 
tomography to study the change of void ratio in sand specimens tested under TC 
conditions and found that the bulging is just an external manifestation of rather more 
complex internal failure patterns. Unfortunately, Marachi et al. (1981) did not present 
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information about the failure mechanism for the two cases of shear testing. Peters et al. 
(1988) conducted PS, TC, and TE tests on Santa Monica beach sand and reported that 
shear bands are more readily initiated under PS than under TC or TE conditions, 
reflecting the importance of loading configuration upon the formation of shear bands. 
Alshibli et al. (2003) performed a comprehensive experimental investigation 
(consisting of PS and TC tests) on Ottawa sand to investigate the effects of loading 
condition and confining pressure on strength properties and localization phenomena in 
sands. They show that as the confining pressure increases, the peak principal stress 
value decreases and the amount of stress softening after the peak decreases. Computed 
tomography and other digital imaging techniques were used in their investigation to 
study the development and evolution of shear bands.  
 All the literature reviewed so far in this section, dealt with shear banding 
observed in sand specimens. Shear banding and associated post-peak strain softening is 
one of the key factors that control the failure of softrock in laboratory element tests 
using core specimens, model tests in the laboratory, and field full-scale behaviour. 
However, experimental study on this issue for softrock is very scarce compared with 
those for sands. Tatsuoka and Kim (1995) obtained relationships between the shear 
deformation and the average shear stress, for a shear band that developed in 
sedimentary softrock specimens subjected to TC test at constant confining pressure. In 
these tests, strain localization started immediately before the peak stress state, and a 
single shear band emerged in each specimen in the post-peak strain softening regime. 
Hayano et al. (1999) developed a PS testing system for softrocks and observed the 
deformation characteristics of shear band in sedimentary soft mudstone subjected to 
drained PS tests. Carvalho and Labuz (2002) performed PS experiments to investigate 
the evolution of a shear band in sandstones at low confinement where two types of 
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failure surface were recognized. In the first type of failure, called the primary fracture 
or shear band, a failure region cut diagonally through the centre of the specimen. The 
second type of failure region featured a kink and began nearly at the termination of 
both ends of the shear band. Microscopic observations revealed that the primary 
fracture was associated with shearing whereas the secondary kinks exhibited tensile 
fractures. Oda et al. (2002) analyzed granite specimens subjected to triaxial testing for 
micro crack evolution and brittle failure modes and reported that for a large crack 
density, the material fails in the instability mode of cracked elements. 
Experimental study on shear banding and associated post-peak strain softening 
in clays is the most scarce and demands significant attention. There is hardly any data 
available on shear banding in hard soil such as clay, particularly stiff clay. Saada et al. 
(1994) investigated some of the phenomena associated with cracks in saturated 
overconsolidated and normally consolidated natural clays by conducting hollow 
cylinder tests and discussed about the influence of the cracks and shear bands on the 
kinematics of the test specimens. Viggiani et al. (1994) conducted drained and 
undrained PS compression tests, with local strain and pore pressure measurements, on 
Italian stiff OC clay specimens. It was reported that globally measured pore pressures 
and displacements did not yield the same information; in other words, most of the 
information relating to details of developing shear bands may be missed by 
conventional volume change and pore pressure equipment. The onset of localization 
had been found to occur before the peak load was attained, the global strain softening 
being a result of the inhomogeneous deformations arising as a slip surface within the 
specimen. Later on, Viggiani et al. (2002) studied shear banding in Beaucaire marl 
which is a soft clayey rock. An experimental program on biaxial testing of OC clays 
was executed by Peric (2002), who reported that the global material strength decreased 
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rapidly to a residual value lying below the critical state value. Also, high strain rates 
triggered brittle response of the specimens. 
Based on the above review, it is quite obvious that experimental observations 
of the development of shear band are needed for brittle geomaterials such as stiff clay 
and rock. This has not been done extensively because such observations are more 
challenging. This may be partly due to the fact that high value of stresses are required 
in some experiments and partly because of the lack of adequate equipment and testing 
procedure.  
2.7.5. Analytical Work on Shear Bands 
As mentioned earlier in §2.7.1, the mathematical formulation of bifurcation 
phenomena and related instabilities, as well as its applications, are very crucial in 
adequate modelling and safe design of various problems encountered in geotechnical 
engineering, petroleum engineering , mining engineering, bulk materials engineering  
and geology as well. Therefore, analysis of shear bands has received considerable 
attention over the past few years. Shear band is a zone in which there is localization of 
strain leading to a macroscopic instability of the material. Mathematically speaking, 
this leads to a loss of uniqueness in a boundary value problem which is often termed as 
bifurcation. Hill (1962) was the first to put forward the idea of localization as a 
bifurcation problem. Later, Rudnicki and Rice (1975) offered a clear formulation of 
the problem. 
2.7.5.1. Critical hardening modulus 
Rudnicki and Rice (1975) suggested that strain localization could be viewed as 
a bifurcation from homogenous deformation. In other words, the initiation of shear 
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band formation in dilating materials is the inevitable result of continued shearing under 
conditions of uniform stresses and uniform strains. After some time, the state of 
stresses and strains reach a certain point that allows localized deformation field to 
satisfy equilibrium, compatibility, boundary conditions, and constitutive relation. This 
(strain localization) occurs when the following condition is satisfied: 
0det =lijkli nLn       (2.16) 
where, the band normal components are ni and the modulus tensor, Lijkl is defined by: 
klijklij dLd εσ =        (2.17) 
Classical plasticity method and non-associated flow were used to determine the 
expression for the modulus tensor, Lijkl. In their approach, Rudnicki and Rice (1975) 
used the condition for instability [equation (2.16)] with the constitutive laws 
(considering a simple isotropic hardening model, and a more realistic yield vertex 
model) to derive expressions for a “critical hardening modulus” and the plane of 
localization. Rice (1976) discussed the localization of plastic deformation into a shear 
band as instability of plastic flow and a pre-cursor to rupture. Later on, Rice and 
Rudnicki (1980) distinguished between continuous and discontinuous bifurcation.   
Vardoulakis et al. (1978) discussed the spontaneous formation of shear bands in 
sand bodies, which is also regarded as a bifurcation problem. Coulomb’s and Roscoe’s 
solutions for the orientation of the shear bands, as given below, were verified 








piθ −=c    [Roscoe]   (2.19) 
where, θc, φ', and ψ denote the orientation of shear band, angle of internal friction, and 
dilatancy angle, respectively. Vardoulakis (1980) gave experimental results of biaxial 
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tests on sand which show that the inclinations of the shear bands fall between the limits 
given by equations (2.18) and (2.19). 
Vardoulakis and Graf (1982) studied shear band formation as an imperfection 
sensitivity problem by placing wooden inclusions in their biaxial testing device. In 
1983, Vardoulakis studied diffused and localized bifurcation modes in axisymmetric 
rectilinear deformations on rigid-granular dilatant material and found that localizations 
occur in the softening regime in the compression test and in the hardening regime in 
the extension test. 
Vardoulakis (1985) examined the stability and bifurcation of water-saturated 
sands and NC clays. He concluded that for dilatant materials, the dominant failure 
mode is shear banding that occurs near the maximum principal effective stress ratio. 
Mühlhaus and Vardoulakis (1987) reported that the thickness of shear bands is a small 
multiple of the mean grain size which grows with progression in the strain hardening 
region. 
The analysis procedure given by Rudnicki and Rice (1975) has been applied by 
several researchers to study the influence of the constitutive model on the predicted 
shear banding. Molenkamp (1985) attempted to solve the bifurcation problem for a 
range of popular constitutive models such as the Mohr-Coulomb and Lade-Duncan 
models, and found large variations between the models in the predicted directions and 
instants on initiation of the shear bands. Desrues and Chambon (1989) examined the 
implications of complex constitutive relations in the development of shear bands. 
Bardet (1991) used an extended Mohr-Coulomb model to derive an analytical 
expression for the average orientation of shear bands in soils. Issen and Rudnicki 
(2000, 2001) and Issen (2002) found that the single yield surface model predicted only 
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shear bands, but not the observed compaction bands as reported by Olsson (1999) and 
Wong et al. (2001) and thus, proposed the two yield surface model.      
Other researchers (Vermeer, 1982; Peters et al., 1988; Peric et al., 1992; Lade 
and Wang, 2001) applied Rudnicki and Rice’s (1975) analysis procedure to investigate 
the conditions for shear banding under different 3D stress conditions, stated in terms of 
a critical hardening modulus, Hc. Lade and Wang (2001) showed the results of 
bifurcation analyses for 3D stress and strain states as a set of Hc that, when normalized 
on the elastic Young’s modulus, E, vary with the value of b (described earlier in 
foregoing §2.7.4), as indicated schematically in Figure 2.18. The experimentally 
determined conditions for shear band formation under 3D stress conditions can be 
established and compared with those shown in Figure 2.18 by computing the 
normalized critical hardening modulus, Hc/E, at the point immediately before onset of 
shear banding. A general expression for calculating the plastic hardening modulus, H, 
is derived by Lade and Wang (2001) that is applicable for any constitutive model with 
a specific yield function. Finally, this expression has been used to determine Hc/E for a 
yield function proposed by Lade and Kim (1988). 
Lade (2002) showed that shear banding, detected through the sudden strength 
reduction, initiates in the hardening regime of true triaxial tests when b is in the 
approximate range of 0.18 to 0.85. Failure in these tests is considered to be a 
consequence of shear banding rather than a constitutive response. This was verified by 
examining the condition for shear band formation for each test through the 
computation of the hardening modulus prior to onset of shear banding. For b-values in 
the ranges from 0.0 to 0.18 and from 0.85 to 1.0, negative hardening moduli were 
obtained, implying that conditions for shear band formation are satisfied in the 
softening regime. Therefore, failure occurs by smooth peak failure and as a continuum 
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response in these ranges. Positive values of the hardening modulus, immediately 
before onset of shear banding, was obtained when b was in the approximate range of 
0.18 to 0.85, indicating that the condition for bifurcation is fulfilled in the hardening 
portion of the stress-strain curve. Thus, peak failure is caused by shear banding in this 
middle range of b-values, and a smooth, continuous 3D failure surface is not obtained 
in general for soils. 
Anand and Gu (2000) extended the plane strain “double-shearing” constitutive 
model by Spencer (1964) by generalizing it to three-dimensional space including the 
effects of elastic deformation and pre-peak behaviour. The constitutive model was 
implemented in a finite element program to successfully predict the formation of shear 
bands in plane strain compression.  
2.7.6. Regularization for Strain Softening Localization Models 
Classical plasticity theory, as well as any theory in which the material 
behaviour is fully characterized in terms of stresses and strains (without reference to 
any characteristic length), exhibits no size effect. This means that the nominal strength 
is independent of the structure size. However, materials which experience damage or 
softening are influenced by the structure size (Jirasek and Bazant, 2002). 
The standard classical continuum formulation of strain softening behaviour has 
a few inherent problems. From the mathematical point of view, these problems lead to 
the so-called “loss of ellipticity” of the governing differential equation. Consequently, 
the boundary value problem does not have a unique solution and becomes ill-posed. 
This ill-posedness is reflected in the numerical solution by pathological sensitivity of 
the results to the size of finite elements. This size dependence or mesh sensitivity of 
the finite element analysis is not acceptable and must be avoided. Several 
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regularization schemes have been developed to account for this. Some of the schemes 
are discussed below. 
2.7.6.1. Mesh-dependent modulus 
Mesh size-dependent hardening/softening modulus procedure was proposed by 
Pietruszcak and Mroz (1981), and has been used by Willam (1984). This method 
employs a mesh size dependent modulus in order to obtain mesh independent solution. 
The model is based on the assumption that the area under the strain softening regime 
can be regarded as a material parameter. In order to guarantee a mesh-objective 
consumption of energy, the strain softening modulus is made a function of element 
size. This kind of shear banding model can incorporate a characteristics length of shear 
band in the material modeling based on physical experimental observations of strain 
localization with a finite size. The width of localization zone ws is determined 
experimentally, for instance for concrete ws ≈ 2.7da in which da is the maximum 
aggregate size (Bazant and Pijaudier-Cabot, 1989) and for sands, ws ≈ 10dg to 20 dg, in 
which dg is the mean grain size diameter (Mühlhaus and Vardoulakis, 1987; Yoshida et 
al.,1993). Tanaka (2001) used this approach for the analysis of direct shear box test, 
model footing on sand and model retaining structure. Although results were slightly 
mesh-sensitive, he argued that the method is sufficiently accurate for practical 
problems. 
2.7.6.2. Non-local continuum 
In the non-local continuum approach, the internal plastic variable 
(hardening/softening modulus) is averaged over a representative volume by 
introducing a localization limiter so that the softening band is restricted to a zone of 
certain minimum size as a material property. This concept, originally introduced on the 
basis of statistical analysis of heterogeneous materials, has been widely employed in 
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studies of elasticity (Eringen and Edelen, 1972). Application of the non-local concept 
to strain softening materials was proposed by Bazant et al. (1984). It was later 
simplified by the concept of non-local damage (Bazant and Lin, 1988). In his 
approach, the main idea was that only those variables which cause strain softening are 
subjected to non-local formulation. 
Vermer and Brinkgreve (1994) used this approach to develop a non-local 
constitutive model for soils. Vermeer, Volger and Li (2004) evaluated the performance 
of the non-local model in the analysis of few geotechnical boundary value problems. 
They reported that results obtained are mesh-independent. 
2.7.6.3. Gradients of internal variable 
Dependence of modulus on the surrounding region can be introduced through 
higher-order gradients of internal variables into the constitutive model rather than 
spatial integrals that are used in the non-local continuum approach. Zbib and Aifantis 
(1992), Muhllhaus and Aifantis (1991), De Borst and Muhllhaus (1992) used this 
approach and found that it yielded mesh insensitive results. 
2.7.6.4. Cosserat continuum 
A well known continuum enhancement is the micropolar continuum by 
Cosserat continuum. The Cosserat continuum models are based on the idea of a micro-
structure subdivided into micro elements with rotational degrees of freedom (Cosserat 
and Cosserat 1909, Gunther 1958; Muhlhaus and Vardoulakis 1987, de Borst, 1991). 
Additional strain and stress measures (curvatures and coupled-stresses) enter the 
kinematic and static description. A length scale is introduced by a finite size of the 
micro-elements. The regularization effect comes from the introduction of couple-
stresses and micro-rotations so the extra rotational degrees of freedoms are defined. In 
contrast to the case of classical continuum model, where imperfection was necessary to 
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be inserted into the model, the Cosserat continuum model makes use of internal length 
scale to simulate softening. De Borst (1991) discussed the use of Cossearat approach 
for modeling cohesive frictional materials. The technique has also been used by 
Mühlhaus and Vardoulakis (1987) and Ehlers and Volk (1997). 
2.7.6.5. Summary on shear bands
Very limited experimental results with respect to the formation of shear
banding under generalized principal stress conditions are available from previous 
studies and most of the work deals with sand specimens. Shear band experiments 
under general loading conditions involving soft rocks is relatively scarce and those 
involving stiff clays is even rarer. Conventional triaxial testing on cylindrical 
specimens is often used to study the stress-strain behaviour and failure mechanisms of 
stiff clayey soil in the laboratory (Prashant and Penumadu, 2004). The magnitude and 
orientation of the principal stresses acting on the soil element can change with the 
loading situation and it is often more useful to study and evaluate the effect of 
intermediate principal stress on the yield and failure behaviour of soil to accurately 
model certain boundary value problems associated with slope stability and foundation 
design. In this regard, there remains a strong need for rigorous experimental 
investigation of shear band formation in stiff, heavily overconsolidated clays under 
general loading conditions. 
Shear bands in brittle materials cause strain softening. Rudnicki and Rice 
(1975) identified this as loss of objectivity. For engineering analyses, shear bands can 
be seen as formation of macroscopic fractures which are result of propagation of many 
microscopic fractures. Shear bands could be formed in FE analysis using classical 
elasto-plastic models. However, when shear bands form, loss of objectivity could 
result in mesh dependant results. This can be overcome by Cosserat theory, gradient 
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plasticity, using non-local methods, or mesh-dependant hardening/softening modulus. 
Based on the literature review, the non-local methods appear to be reasonably accurate 
and easy to implement and this is further discussed in Chapter6. 
2.8. Final Remarks 
A comprehensive review of existing models for simulating stiff soil behaviour 
has been put forward in this chapter. Advances have been made in theoretical, 
numerical and experimental work, but the research needs are many. One of these has 
been identified as the necessity of developing and evaluating simple constitutive model 
for stiff soils that behave in a brittle manner. Strong emphasis should be put on the 
simplicity in the formulation and use of the constitutive model which should, at the 
same time, be able to capture the salient features under three-dimensional loading 
conditions. 
There is now wide agreement that limit states and possible instabilities in 
geomaterials are manifested by localized zones of deformation. Theoretical results 
explain why non-associativity, one of the main features of geomaterials, implies 
localization. The body of literature on the modelling of localization in geomaterials has 
been growing rapidly, especially during the last two decades, with most of the 
emphasis on detecting the onset of instability (that is, shear banding) and predicting its 
orientation. Since the mathematical problem of localization analysis becomes ill-posed 
at the onset of localization, some modifications have to be made in order to pursue the 
loading program further. Regularization techniques using mesh-dependent modulus, 
gradient-dependent modulus, non-local continuum and Cosserat continuum have been 
applied to circumvent the above problem. Of all the regularization techniques 
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mentioned above, the non-local methods appear to be reasonably accurate and easy to 
implement. 
From the literature review it is clear that most of the work on plane strain and 
localization has been carried out on sand. There is very little published research on 
response of stiff clays in various shear modes incorporating shear bands. The research 
work in this thesis aims to provide data on stress-strain behaviour of stiff kaolin clay. 
The data will first be used to enhance understanding of the response of stiff soils in 
terms of macroscopic stress-strain behaviour and localization. The data will then be 
used to formulate and evaluate a simple constitutive model, which could be used to 
back analyze centrifuge tests and other laboratory tests where kaolin is used. 
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Figure 2.1. Isotropic consolidation  characteristics: linear relationship between v 
and ln p′
   (a)      (b)
Figure 2.2. Yield surfaces for: (a) Cam clay model; (b) modified Cam clay model 
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Figure 2.3. Unique state boundary surface 
Figure 2.4. Cap model 
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Figure 2.5. Sandler-Baron cap model for cyclic loading 
Figure 2.6. Baladi-Rohani cap model for cyclic loading 
Figure 2.7. Modification to the supercritical region using a “Hvorslev” surface 
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Figure 2.8. Lade’s (1977) double hardening mixed-flow model 
Figure 2.9. Non-afr double-hardening models (a) Ohmaki (1978,1979); (b) Pender 
(1977b, 1978) 
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Figure 2.10. Schematic representation of bounding surface model (Potts and 
Zdravkovic, 1999) 
Figure 2.11. Schematic representation of a single “bubble” model (Potts and 
Zdravkovic, 1999) 
Figure 2.12. Schematic diagram of σ-ε relationships of soft rocks 
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Figure 2.13. Mohr-Coulomb yield surface in principal stress space 
Figure 2.14. Drucker-Prager and Mohr-Coulomb yield surfaces 
in the deviatoric plane 
Figure 2.15. Failure surfaces in the deviatoric plane 
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            (a)                                                               (b) 
Figure 2.16. Extensional fracture in: in: (a) extension test; (b) compression test 
          (a)              (b) 
Figure 2.17. Shear fracture in: (a) extension test; (b) compression test 
Figure 2.18. Schematic diagram of variation of normalized, critical hardening 
modulus with b (Lade and Wang, 2001) 
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3. DEVELOPMENT OF APPARATUS FOR ELEMENT TESTING 
3.1. Introduction 
Failure of soil is an important aspect of its mechanical behaviour. Laboratory tests, 
for determining constitutive behaviour, are based on the premise that the specimen 
deforms uniformly. In spite of extensive efforts to induce uniform deformation, by 
subjecting the specimens to corresponding boundary conditions, laboratory evidence of 
localization phenomena, in soils, has existed for some time. The classical work of 
Hvorslev (1960) considers these effects in overconsolidated clays. Localized failure, 
which is commonly observed in foundation, and retaining wall works, slopes, and deep 
cuts in stiff, overconsolidated clays, is manifested by relatively large shear deformations 
within a thin layer of material known as the “shear band”, which are often accompanied 
by dilation. The occurrence of such failure zones affects the numerical implementation of 
the constitutive equations of soils, as well as the experimental techniques for determining 
the corresponding material parameters. The phenomenon of shear banding is, therefore, an 
important element in understanding the failure mechanism of soil. Thus, in connection 
with the development of the theoretical and numerical aspects of modelling, an interest 
has arisen in the detailed study of strain localization, within a soil specimen subjected to 
shear. 
The formation of shear bands in triaxial specimens is a common occurrence that is 
generally assumed to be associated with failure of the specimen. Rudnicki and Rice 
(1975), and Rice (1976), have pointed out that the formation of shear bands does not 
necessarily coincide with the peak of the stress-strain curve, and the tendency of shear 
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banding and corresponding global stress-strain behaviour may not be the same for all test 
configurations. Presently, the behaviour of soil is routinely interpreted from triaxial 
testing, whereas testing of soil under plane strain condition would yield more useful 
information, as more geotechnical problems essentially occur under these conditions. This 
is because, hitherto, there has been no “easy to use” equipment to carry out tests routinely, 
under plane strain conditions.  Plane strain tests have been carried out mainly in research 
laboratories, using customized equipment which does not find their way elsewhere, due to 
their sophistication and high cost. 
A new plane strain device has been developed in the present research, which is 
inexpensive to manufacture, simple to set up and carry out the testing, and can, at the same 
time, produce reliable test results.  Its advantages include the following: (i) a laboratory 
technician can set up the test with ease, and with virtually no disturbance to the test 
specimen; (ii) plane strain boundary conditions can be maintained throughout a test; (iii) 
due to the simplicity and ruggedness of the device, malfunction or inaccuracy of test 
results due to leakage and other deficiencies are minimized; (iv) the O-ring and rubber 
membranes used in the device are standard and readily available, unlike other devices 
where these items have to be custom-made to be compatible; and (v) it has a unique 
system for lateral displacement measurement using laser sensors, which may be used to 
detect the onset of localized deformation, as well as determine volumetric strains more 
accurately. 
3.2. Improved Design Features of Present Biaxial Apparatus
Mainly, three major improvements have been incorporated into the proposed 
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biaxial apparatus of the present study. These are highlighted as follows.  
3.2.1. Significant Cost Reduction  
The first major improvement in the present biaxial device has been achieved in 
terms of significant cost reduction. This has been accomplished by making use of 
standard, readily available cylindrical rubber membranes instead of the otherwise custom-
made, rubber membranes of complex shapes. 
Unlike the cylindrical samples used in triaxial tests, prismatic samples are used in 
plane strain tests where end platens of complex shapes are used quite frequently. O-rings 
are adequate in water-proofing soil specimen, enclosed by a rubber membrane, only when 
the contact area is cylindrical in shape, thereby providing a perfect grip along the contact 
surface. For this reason, one end of the end platens needs to be cylindrical while the other 
end must be prismatic to fit the specimen top or bottom surface. For compatibility, shape 
of the rubber membrane in all these devices had to be complex.  In order to illustrate this, 
photographs of three different biaxial testing devices used by previous researchers are 
shown in Figure 3.1. The first figure, that is, Figure 3.1(a), is the plane strain testing 
device developed in Tongji University in which prismatic soil specimens and complex 
shaped end platens were used. The top and bottom end platens have rectangular cross-
section at one end that is in contact with the specimen and matches the exact dimensions 
of specimen cross-sectional area. This end is gradually tapered from a rectangular to a 
spherical shape of the end platen, where O-rings are placed for sealing the specimen from 
water penetration. This is necessary because O-rings have perfect grips around circular 
contact area thereby providing adequate leak-proofing of the membranes. For this type of 
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configuration of the end platens, the rubber membrane generally needs to be custom made 
to fit the design requirement corresponding to the particular size of specimen used. For 
example, a rectangular rubber membrane corresponding to the specimen height with the 
ends tapering to the exact shape and size of the acrylic top and bottom platens need to be 
pre-fabricated via custom made moulds. If the height varied for the same specimen, it 
would require the use of another rubber membrane made to accommodate the new height. 
Similar condition is noted for the case of the biaxial device developed at the University of 
Minnesota (Vardoulakis and Goldscheider, 1981; Drescher et al., 1990), as depicted in 
Figure 3.1(b). In this device also, the end platens have varying cross-sections along their 
heights and this has to be accommodated accordingly by the custom-made rubber 
membranes. In the third case shown in Figure 3.1(c), the plane strain device developed at 
the University of Louisiana and used by Alshibli et al. (2003), the top end platen has a 
rectangular cross-section larger than the specimen dimensions, in order to enable lateral 
expansion. O-rings are attached to this enlarged area of the rectangular platen. All the 
edges of the platen had to be rounded off precisely to match the circular arc of the ring in 
order to ensure a perfect grip. This seemed adequate enough for the low range of 
confining stress (15 to 100 kPa) applied in their plane strain tests; but it may not be so 
when the applied cell pressures are very high. 
In fact, in the initial phase of developing the biaxial apparatus in the present work, 
it was found that the use of prismatic rubber membranes associated with rectangular end 
platens in conjunction with O-rings placed around the platens was not sufficient to prevent 
leakage at confining pressures exceeding 500 kPa. After several trial and error attempts, 
the final configuration of end platens was attained, which is presented in the following 
sections. 
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 Moreover, test set-ups, with rubber membrane having varying shapes along its 
height, often resulted in slackness and the formation of air pockets. Some researchers 
(Alshibli et al., 2003) have resorted to applying suction to remove the air pocket. If not 
done carefully, this may cause swelling and destruction of the sample, resulting in 
unacceptable disturbance. These factors not only increase the cost of the device, but also 
that of carrying out the test, due to the need for special treatment. Furthermore, the fixed 
size of custom-made rubber membranes may leave little tolerance in the height of the 
specimen, as explained earlier. However, it should be anticipated, and often inevitable, 
that the sample height would vary. 
In the proposed plane strain device, the above shortcoming was overcome by using 
a commonly-available cylindrical rubber membrane. The use of cylindrical rubber 
membrane allows for changes in the height of a soil specimen. The lateral dimensions of 
specimen were selected such that the perimeter of soil specimen was equal to the 
circumference of standard cylindrical rubber membrane. For example, a standard 
cylindrical rubber membrane of 70mm diameter, commonly available in the market, 
would fit well around 36mm wide and 72mm long specimen. 
Figure 3.1(d) depicts how the cylindrical rubber membrane is secured to the 
rectangular loading platens of the new biaxial device by means of O-Rings and O-Ring 
clamps. Detailed step by step procedure for mounting the specimen with adequate 
membrane placement is described in §3.3.7. Two, 3mm diameter grooves are placed 
around the outer surface of the top and bottom platens where the O-Rings may be 
positioned firmly. After the rubber membrane is slid over the specimen as well as top and 
bottom platens, the O-rings are strapped around these grooves, as illustrated in the above 
figure. Finally, the O-Ring clamps are slid into position forcing perfect grip between the 
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membrane and O-Rings, thereby ensuring complete water-tightness. The water-tightness 
of the system was tested to a very high pressure of 1700kPa, and found to be satisfactory.
 A thorough price search revealed that a commonly-available rubber membrane for 
this purpose costs about $10, whereas a custom-made one would cost $170 (according to 
quotations given by various manufacturers). Also, the rubber membrane used in the 
biaxial device developed herein, would remain taut after setting up, thus preventing the 
development of air pockets around the specimen. 
3.2.2. Direct Measurement of Intermediate Principal Stress 
The second improvement in the proposed biaxial device involves the use of 
miniature stress cells on the surfaces of the rigid walls that are in contact with the soil 
specimen, in order to measure the out-of-plane stress, σ2, thereby allowing a full 
evaluation of the boundary stresses during consolidation and shearing. This has the 
advantage over previous biaxial, constitutive experiments (Peters et al., 1988; Drescher et 
al., 1990; Han and Vardoulakis, 1991; Han and Drescher, 1993), where the intermediate 
principal stress was not measured, and consequently, the results from the tests had to be 
represented in terms of the planar deviatoric stress t, and planar effective mean stress s′
expressed in terms of the major (σ1) and minor (σ3) principal stresses only. 
It is well established that the intermediate principal stress, σ2, plays a significant 
role in stress-strain-strength behaviour and pore pressure response of clays (Kirkgard and 
Lade, 1993). The influence of σ2, variation on the shear strength and pore pressures 
parameters of cohesive soils have been studied previously by performing traditional 
triaxial tests, torsional tests, plane strain tests, and true triaxial tests with varying “b” 
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=b       (3.1) 
where σ1 and σ3 are major and minor principal stress, respectively. Past studies 
related to the shear strength behaviour of overconsolidated (OC) clay were limited to 
traditional triaxial compression and extension testing, and only provided the shear strength 
behaviour for two extremes b values, 0 and 1 (Rendulic, 1936; Parry 1960). Prashant and 
Penumadu (2004) conducted true triaxial tests on heavily OC clay under undrained 
conditions only to study the effect of σ2 on the shear strength and pore-pressure response 
of the clay. The present work aims at conducting an experimental study where the 
influence of σ2 on the stress-strain behaviour of heavily OC kaolin clay under both, 
drained and undrained conditions, is investigated for the case of plane strain compression 
testing. Moreover, it is well known that such heavily OC clay specimens develop severe 
localizations in the form of shear banding. Measurements of  σ2 at various locations along 
the specimen can also serve as a means to detect the onset of localization in the stress-
strain response. In the light of the above discussion, it is quite apparent that adequate 
measurement of σ2 serves as a great enhancement in the study of the mechanical 
behaviour of soils, particularly stiff clays. Installation and operation procedures of the 
total stress cells used to measure the intermediate stress acting on a specimen are provided 
in subsequent §3.3.5. 
3.2.3. Automated Lateral Displacement Measuring System using Laser Sensors 
The third improvement is achieved by developing a fully automated remote 
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measurement system for lateral displacement monitoring using micro laser sensors 
(National Matsushita Electric Works; NAIS LM10 series). The laser profilometry enabled 
accurate detection of the onset of localized deformation or shear banding. Adequate 
geometry of the observed shear band in terms of location and orientation was also possible 
from the laser profilometry measurements. Moreover, it was found that this also allowed 
volume changes of the specimen to be computed with greater accuracy. The volume 
change of the specimen was monitored using a volume change gauge, or the burette 
method, as well, so that comparisons of the two methods may be performed. 
Detailed description of the installation and operation process of the micro laser 
sensors and the mounting assembly are given in subsequent §3.3.4. 
3.3. Description of Biaxial Apparatus 
Figure 3.2(a) contains a schematic diagram of the proposed biaxial test specimen. 
A specimen size of 85mm high, 36mm wide, and 72mm thick, was chosen since it would 
provide a height to width aspect ratio of greater than 2. Taylor (1941), Rowe and Barden 
(1964), Lee and Seed (1964), Bishop and Green (1965) and Ladd et al. (1971) also 
recommend an aspect ratio which is greater than 2, in order to minimize the effects of 
loading platen friction and the restraint of the loading frame and ensure that the specimen 
would gain constant strength, although the finding was based on cylindrical specimen. 
Nevertheless, it was established in the present study that the same requirement would 
apply to a rectangular specimen in plain strain.  Plane strain conditions are imposed using 
rigid walls and tie-rods, while friction between the specimen and rigid wall is mitigated by 
the use of silicone lubricant. In other words, the prismatic soil specimen is confined by a 
73
pair of rigid walls, so the out-of-plane strain, ε2, is zero. The specimen is allowed to 
undergo a maximum vertical strain (ε1) of about 30%. The maximum allowable lateral 
deformation along the restraining walls on either side of the specimen is about 50 mm.
All the surfaces in contact with the specimen are lubricated with silicon gel. 
Viggiani et al. (1994) reported that negligible amount of friction developed along the side 
walls (as noted from the similarity of the loads measured at the top and bottom platens) 
when the above method of lubrication is used to mitigate friction. A well polished surface 
with adequate lubrication has been used in all the tests carried out in plane strain testing 
apparatuses (PSTA) developed at the University of Minnesota (Desrues et al., 1985; 
Drescher et al., 1990; Finno et al., 1997), Northwestern University (Viggiani et al., 1994), 
University of Tokyo (Tatsuoka, 1986a; Hayano et al., 1999) and Louisiana University 
(Alshibli et al., 2003). All the above research work reported categorically that the above 
method of mitigating friction along the plane strain confining walls and the soil specimen 
worked reasonably well. However, Hayano et al. (1999) indicated that the frictional force 
developed along the σ2 surfaces (plane strain direction) could not be totally ignored in his 
experiments involving a soft mudstone. Nevertheless, the friction did not exceed 10% of 
the total deviatoric stress acting on the specimen. Based on the above considerations, an 
end platen having a well polished surface with a porous stone of 1cm diameter at its centre 
was used at the bottom of the specimen which was adequate to minimize the effect of end 
surface restraint, as demonstrated by Mochizuki et al. (1993). Figure 3.3 shows a porous 
stone having the same dimension as the top platen area, which was used in the initial trial 
runs of the testing program. Comparing results obtained using this size of porous stone 
and a 1 cm circular one at the centre; it was observed that there were no significant 
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differences in terms of shear response of the tested clay. Thus, the latter size of porous 
stone was used through out the final experiments. 
The major and minor principal stresses, acting on the soil specimen, are σ1 and σ3. 
Figure 3.2(b) depicts the arrangement of load and displacement transducers used in the 
set-up. Figure 3.3 shows the design features of the biaxial equipment. A full description of 
the apparatus and its components, along with the preparation and mounting of a soil 
specimen, will be provided in the following discussion. 
3.3.1. Components of the Equipment 
Figure 3.3 shows schematic diagram of the plane strain apparatus. The plane strain 
test equipment consists of 8 components, which are assembled inside a conventional 
triaxial cell, of internal diameter 255mm or larger. The total internal height of the cell 
would have to be more than the total heights of the plane strain device, which is 182 mm, 
and submersible load cell configuration. For most purposes, a cell height of 300 mm 
would be adequate. Various characteristics of the 8 components are indicated in Table 3.1. 
The O-rings are 45 mm in diameter and 3 mm thick, while the rubber membrane is 
0.35 mm thick, 70 mm in diameter and 180 mm long. The rectangular porous plate of 5-
mm thickness has the same plan dimension as the top cap. 
The two components that are used to assemble the test set-up, but do not constitute 
part of the set-up, are presented in Table 3.2. Design diagrams of all the components and 
accessories of the new biaxial set-up are shown in Figures 3.4 to 3.7.  
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3.3.2. Loading System 
The biaxial device is placed inside a plexiglass, confining pressure cell, of 300-mm 
height, 255-mm internal diameter, and 15-mm wall thickness. The cell is filled up with 
water in order to induce a lateral pressure of up to 1000 kPa on the soil specimen, which is 
applied by a compressed-air cylinder, connected to a gas-water pressure accumulator 
equipped with pressure gauges and regulators. A Wykeham Farrance TRITECH 100 
displacement-controlled compression testing machine, of 100-kN capacity, is used to 
provide the axial loading, during shear testing in plane strain. 
3.3.3. General Instrumentation 
A Wykeham Farrance WF 17109 submersible load cell, of 10-kN capacity, is 
attached to the loading piston (Figure 3.3), to measure the axial load on the specimen. A 
Wykeham Farrance WF 17015 linear strain conversion transducer (LSCT), of 25-mm 
range, is used to measure the axial displacement of the specimens. 
Three-number, 10-bar capacity Wykeham Farrance WF 17060 pore pressure 
transducers (PPTs) are used to measure the applied cell pressure, back pressure, and pore 
pressure existing in the saturated test specimens. The pressure transducers are located 
outside the confining pressure cell, close to its base, and connected to the drainage line 
passing through the upper loading platen for pore pressure measurement of the specimen, 
and base pedestal for back pressure measurement. A Wykeham Farrance WF 17044 
automatic volume change unit is connected to the back pressure line to monitor the global 
volume change of the water-saturated soil specimen. 
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3.3.4. Micro Laser Sensors 
A unique measurement system for recording the lateral displacement of the soil 
specimen, along its height, using micro laser sensors, has been developed and 
implemented into the proposed biaxial testing device. The system enables accurate 
measurement of the lateral displacement profile along the two free sides of the specimen, 
which provides for a better assessment of the lateral displacement of the specimen, and 
accurate determination of the onset of shear band formation. The measurement system 
consists of a pair of devices, as shown in Figure 3.8, which are mounted diametrically 
opposite each other, outside the plexiglass cell, and face the free sides of the soil specimen 
(Figure 3.27). In each device, a micro laser displacement sensor, with an NAIS LM10 
ANR1226 sensor head, and an NAIS LM10 ANR5131 controller, is allowed to travel 
smoothly along a lead screw, held vertically, and attached to the rotor of a stepper motor, 
as depicted in Figure 3.8. During operation, the stepper motor rotates the lead screw, 
which in turn drives the sensor head vertically up and down, along it. By controlling the 
operation of the stepper motor, the sensor head may be positioned along the lead screw as 
prescribed, thereby enabling the measurement of the lateral displacement to be taken, at a 
prescribed position and time interval. The operation of the stepper motor is controlled by a 
National PLC (Figure 3.9), which operates on the NPST ladder software. The sensor, lead 
screw and the stepper motor are assembled on a rigid frame (Figure 3.8), which is bolted 
to the top cover plate of the large plexiglass cell (Figure 3.27). 
The operation procedure for the stepper motor control may be set either in a 
manual or automatic mode. The selector switch, shown in Figure 3.9(a), can be turned to 
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either “MANUAL” or “AUTO” position to set the required mode of operation. The speed 
of the stepper motors can be adjusted arbitrarily in either mode. 
When operating the stepper motor control manually, the default setting of the 
motor speed was set to 1500 pulse/sec. By pressing the “START” and “STOP” buttons as 
indicated in Figure 3.9(a), the laser sensor head could be moved vertically up and down 
respectively, along the lead screw. The voltage output of the laser sensor at any particular 
point or location can be read off directly from the display window of its controller (Figure 
3.9(a)). Alternatively, the sensor reading at any particular location along the height of the 
specimen can be recorded using the data logger at desired time intervals. 
In the automatic mode of operation, which was the case for all the plane strain tests 
performed herein, the distance and time interval for capturing displacement data along the 
height of a soil specimen could be set to desired values. Moreover, the speed of travel of 
the laser sensor head along the lead screw could also be pre-set. These could be achieved 
via the NPST software mentioned earlier. By using a communication cable (Figure 3.9(b)) 
to connect the PLC with the 9 pin serial port of the computer and running the pre-installed 
NPST software, a user may set various data parameters inside the software that regulate 
the speed, location and frequency of the laser scans. 
For the purpose of the present investigation, these parameter values were set such 
that each laser sensor captured and transmitted lateral displacement data of a soil specimen 
at every 2mm distance along its height in a time interval of 1 second. During each 
scanning cycle, voltage data from each of the laser sensors was logged into the data logger 
channels every second while the sensors were set to move at 2 mm / second. The time 
interval between two consecutive cycles of laser scanning was set to 10 minutes for the 
drained tests and 5 minutes for undrained tests. All logged data during each test were 
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stored inside the computer hard disk. After completion of each test, these raw data were 
transferred to a floppy disk for interpretation into actual displacement measurements. 
3.3.5. Total Stress Cells 
A set of three SSK P310-10 miniature soil pressure transducers, of 1000 kPa 
capacity, are embedded in each of the rigid walls, in order to measure the intermediate 
principal stress, σ2, acting on it, as depicted in Figure 3.7. The stress cells used herein are 
of “flexible diaphragm cell” type where the measuring system is used to sense deflection 
of a thin, circular diaphragm attached to a stiff case. The greatest displacement occurs at 
the centre of the cell. Semiconductor strain gage system is used to measure the cell 
response. The thickness(T) and diameter (D) of each cell are 3mm and 10mm, 
respectively, resulting in an aspect ratio (T/D = 0.3). The thickness (t) and diameter (d) of 
the diaphragm are 0.3mm and 8mm, respectively. It is recommended (Weiler and 
Kulhawy, 1982) that the stress cell diaphragm diameter to diaphragm deflection ratio, d/∆
(where ∆ denotes the central deflection of the diaphragm), be greater than 2,000 and even 
as high as 5,000 in case of denser soil, to minimize the degree of “arching” often 
encountered in the use of such stress cells. For the particular model used in the present 
study, maximum allowable central deflection is specified as 0.00138mm, resulting in a 
d/∆ value greater than 5,000. A recommended soil-cell stiffness ratio, less than about 0.5, 
is also abided by in the design of the stress cells used herein. However, the recommended 
value of the ratio of d2/D2 < 0.45 exceeded considerably (d2/D2 ≈ 0.64 for the stress cells 
used). This may lead to slight over-registration of the existing stresses particularly if the 
cells are placed in the vicinity of regions of stress concentrations. 
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 Three stress cells were flush-mounted on the inner surface (in contact with the test 
specimen) of each of the restraining walls. 12mm diameter and 3mm deep circular holes 
with 3mm deep grooves were pre-fabricated on the acrylic wall for placing the stress cells, 
as depicted in Figure 3.7. A thin layer of silicone adhesive was applied uniformly along 
the clean surfaces of the circle and the groove and the stress cell was carefully placed 
within the 12 mm diameter circle such that it is nicely mounted flush with the wall 
surface. The thin wire is then slowly dragged along the groove without stretching the wire. 
This was repeated for all three stress cells on each restraining wall in order to ensure 
adequate installation. Askegaard (1963) reported that the presence of an inclusion (even in 
the form of a thin stress cell) disrupts the stress field of the soil medium and causes part of 
the free field lateral stress to act normal to the cell. This lateral stress influence must be 
removed from the measured stress to obtain accurate free-field normal stress values. If 
stresses are being measured on a structure using a flush-mounted stress cell (which is 
practiced in the present work), such lateral stress rotation effects are removed from 
consideration, except for wall friction (Weiler and Kulhawy, 1982). 
The three stress cells along the height of the specimen were placed according to 
the recommended guidelines for the influence of proximity of structures and of other cells 
in making stress cell measurements. Accordingly, a minimum clear spacing between two 
stress cells should be 1.5 cell diameters, which in the present case is 15mm. The relative 
placement of the three stress cells in accordance with this general guideline, as seen in 
Figure 3.7. 
The boundary conditions of the chamber in which the stress cells are calibrated are 
very important to the stress-strain response of the soil. In other words, the cells should be 
calibrated under conditions similar to the actual testing, in order to get accurate readings. 
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The calibration of the stress cells under actual test conditions is presented in the next 
section. 
3.3.6. Instrument Calibration and Data Logging 
Load Cell,  Axial Displacement Ttransducer, Volume Change Gauge & Pore Pressure 
Transducers
A data acquisition system, consisting of a Wykeham Farrance AT 2000 data 
logger, and a micro-computer, is used to record the axial displacements, axial loads, 
pressures and volume change readings. The computer, driven by the Wykeham Farrance 
software package, WINHOST version 2.0, converts digital bit data from the ADU to 
engineering units. Calibration of the relevant measuring devices is done using this 
software, based on the minimum and maximum readings of each device. The resulting 
calibration curves obtained for the axial load cell, axial displacement transducer, volume 
change transducer and the three pore pressure transducers are provided in Appendix A.
Micro Laser Sensors
Another data acquisition system, consisting of a TDS-303 data logger and micro-
computer, is used to record the signals from the laser displacement sensors and the soil 
pressure transducers. The range of analog output voltage of these transducers were not 
compatible with the AT 2000 data logger, and hence, the need to use the TDS-303 data 
logger. 
Figure 3.10 shows the calibration curve obtained for the micro laser sensors. An 
acrylic block, having identical dimensions of a test specimen and enclosed within a rubber 
membrane, served as the “target” object for calibration purpose. The target was placed 
inside the large confining cell, filled with water, to simulate the actual test condition. A 
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micrometer was attached to one face of the target for precision movement in a particular 
direction. The micro laser sensor was then carefully positioned, facing the target, at a 
suitable distance away from it so that the voltage reading of the sensor was close to one 
extreme of its measuring range, that is, around -5 volts. The target was then moved 0.5mm 
each time and the corresponding voltage reading recorded. The voltage output from the 
laser sensors (in volts) was read directly by the TDS-303, which was later converted into 
actual displacements by multiplying the difference in voltage by the calibration factor 
shown in Figure 3.10. The laser sensor utilizes a Class 2 laser (wavelength 685 nm) as its 
light source. It aims a visible laser spot (having a beam spot diameter of 0.7mm x1.4 mm) 
onto the target to gage the target distance. Part of the light rays, which comes from the 
target object by means of diffuse reflection, produce a light spot on the position sensing 
device (PSD) inside the sensor, as illustrated in Figure 3.11. The light spot varies 
depending on the displacement of the target object. An analog voltage of -5 volts to +5 
volts is output corresponding to the amount of light reflected from the target (and hence, 
the displacement of the target within this measurement range). By measuring the 
fluctuations in the light spot, the laser sensor can measure the displacement of the target 
object. 
Soil Stress Cells
Output signals from the SSK P310-10 pressure transducers, used for recording the 
intermediate principal stress acting on a soil specimen, are sent to the TDS-303 data 
logger. The performance of the above strain gauge type transducers are maximized by the 
high resolution of 0.1 x 10-6 strain of the data logger used. Thus, raw data from the SSK 
P310-10 pressure transducers are recorded in terms of micro-strain (µε) and later 
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processed by multiplying these values by their corresponding calibration factors to convert 
these values into soil pressure (kPa). Figures 3.12 show the in-situ calibration curves for 
the stress cells used in the tests. The stress cells were flush-mounted with the bottom 
surface of a square acrylic mould and connected to the data logger. The initial readings in 
micro-strains were recorded. A workable slurry of the tested clay was used to fill up the 
container/mould. A top plate was placed to cover the slurry and increments of vertical 
loads were applied on it to consolidate the soil. A displacement transducer was used to 
monitor the vertical movement of the top platen. Once the vertical movement became 
negligible after each load increment, the micro-strain reading of the stress cells were 
recorded corresponding to the applied load and thus, the stress. Stepwise load increments 
were applied until the maximum capacity of the stress cells, that is, 1000 kPa was reached. 
The process was repeated two to three times to generate an average calibration curve, as 
depicted in Figure 3.12.  
3.3.7. Resolution and Reliability of Measuring Devices 
Resolutions for the various transducers used in the present experimental program 
have been summarized in Table 3.3. It is noted from this table that all transducers, except 
the stress cells, reflect measurement accuracies greater than 99%. The accuracy of the soil 
stress cells was found to be in the range of about 90%. The stress cells make use of 
diaphragm deflection to measure stress changes which are extremely sensitive. The stress 
cell readings and consistencies between tests are affected by several factors such as aspect 
ratio, degree of arching, soil-cell stiffness ratio, grain size effect, etc (Weiler and 
Kulhawy, 1982). Slight change in any one of these factors will affect the measured output 
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of the stress cells. However, test results provided in subsequent §3.5.2 reveal that the 
performance of the soil stress cells, as well as other transducers used in the present study, 
were fairly adequate as they produced results which were reliable as well as reproducible. 
Extra care was taken in the installment, placement and handling of all measuring 
devices in order to minimize electrical noise and drift. For example, laser sensor units 
were placed far away from high voltage wires, power wires, or devices that generate large 
switching surges. The sensor cable wiring, high voltage circuit and power circuits were 
separated from each other. 
3.3.8. Sample Preparation 
The sample preparation is similar to that of axi-symmetric triaxial, testing. The 
sample could either be obtained in-situ, or reconstituted-and-consolidated cohesive soil. In 
the present study, heavily overconsolidated, remoulded kaolin clay was used for all the 
laboratory tests. The test specimens were obtained from isotropically pre-consolidated 
samples of refined kaolin clay sourced from Kaolin Malaysia Sdn Bhd. Laboratory 
determination of the soil properties was in accordance with BS 1377:part 2 (British 
Standards Institution, 1994). The physical properties of the tested clay are shown in Table 
3.4 and compared with those of the standard speswhite kaolin clay available in published 
data. 
The preparation of each batch of soil samples took a few weeks to complete, and 
consisted of the following stages. Firstly, a slurry of the test clay powder and de-aired 
water (1.5 x LL) was formed, using an electrical soil mixer. The slurry was then 
consolidated in a 850-mm high steel mould, of 150-mm diameter, using a hydraulic 
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compressor, for a period of five days, to a vertical pressure of about 300 kPa. This 
procedure enabled the soil sample to achieve a workable consistency for removal from the 
mould, be cut into shorter samples of 230-mm height, and be put in a standard triaxial cell 
for 150-mm diameter specimens, for consolidating and swelling it under isotropic 
conditions. The maximum consolidation pressure, that may be applied to the sample, is 
controlled by the capacity of the triaxial cell, which is equal to 1700 kPa. Setting aside an 
allowance for the applied back pressure needed to saturate the soil samples, a maximum 
effective pre-consolidation pressure of 1400 kPa was applied to each sample in three 
isotropic loading stages of 350 kPa, 700 kPa and 1400 kPa. Each loading stage is 
terminated after at least 95% consolidation was achieved, as indicated by the flat portion 
of the graph of volume change against square-root time, obtained from the consolidation 
data. Once consolidated to the maximum pressure, the sample was allowed to swell, 
isotropically, to the desired overconsolidation ratio (OCR). For example, in order to obtain 
a soil sample of OCR = 16, isotropic swelling was carried out in four unloading stages of 
700 kPa, 350 kPa, 175 kPa and 87.5 kPa. Soil specimens subjected to various shear tests, 
and with different OCR values, are listed in Table 3.5. The consolidation and swelling 
characteristics of the specimens are shown in Table 3.4. 
For the plane strain shear tests, a rectangular former, whose internal length and 
width correspond to those of the specimen, is needed to be used to cut the soil specimen, 
from the isotropically consolidated/swelled sample. A rigid plate is placed on the former, 
which is pushed into the soil sample, by a hydraulic jack, and then extruded out together 
with the soil adhering to it. The former is usually longer than the required height of the 
specimen. The specimen is then sealed to the former with liquid wax, and the former then 
wrapped with aluminum foil for further air-tightness, and left inside the de-humidifier, for 
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at least a day, for the stresses to be uniformly distributed. The height of specimen is 
obtained by trimming its ends while extruding from the former, with the use of a 
rectangular perspex block. The block is used to push the specimen out of the former by 
about 10mm, which is trimmed off by a wire cutter. The former, with specimen retained 
inside, is then turned to the other end, and the extruding block used to push the specimen 
out of the former, until the required height remains inside of it. The extruded portion is 
then trimmed off, and specimen taken out. Representative portions of soil are taken from 
the isotropically consolidated/swelled sample, at the time of extracting the rectangular 
specimen from it, and also from the specimen trimmings, at the onset of testing for 
moisture content determination. The calculated, moisture content results, prior to and at 
the end of, each test are shown in Tables 3.5 and 5.1 of Chapter 5, respectively, which 
indicate that there was no significant moisture loss from the saturated specimens, prior to 
testing.  
3.3.9. Test Procedure 
The initial dimensions of the soil specimen are carefully measured and the 
specimen is weighed, just before carrying out the shear test. Vertical and horizontal lines 
are drawn with waterproof ink, 6 mm apart, on the two free sides of the rectangular 
specimen. A custom-made rubber stamp has been pre-fabricated to draw the gridlines on 
the soil specimen as shown in Figure 3.21. This was done to enhance the detection and 
observation of developing shear planes, during testing. 




The cylindrical rubber membrane is slid over the top cap, and the O-rings strapped 
around its grooves, as illustrated in Figure 3.13. A layer of silicone lubricant is then 
applied on each O-ring. Next, the O-ring clamp is slid into position in the manner 
illustrated in Figure 3.13. The silicone lubricant applied on the O-ring mitigates resistance, 
while sliding the O-ring clamp into position. Two thin rubber membranes, with a 20 mm 
diameter slot at the centre, to account for the drainage line, are coated with silicone grease, 
and placed on the top and bottom platens. Lubrication at the top and bottom of the 
specimen also serves to minimize the end restraint. 
Stage 2
The rubber membrane is folded, as illustrated in Figure 3.14, to a position where 
the mouth of the fold is approximately 10 mm from the edge of the top cap. This would 
leave enough membrane to be wrapped over the sleeve stretcher, subsequently (Figure 
3.15). The pore pressure line is thereafter connected to the top cap, and the rectangular 
porous plate is set in position. The top cap may then be de-aired by passing water through 
the pore pressure line. 
Stage 3
The sleeve stretcher is slid over the rubber membrane until it is in line with the 
mouth of the rubber membrane fold. The rubber membrane is then unfolded upwards to 
wrap over the sleeve stretcher, as shown in Figure 3.15. The end of the rubber membrane 
is folded downwards to wrap over the sleeve stretcher. Air is then sucked out from the 
nozzle, causing the rubber membrane to stick to the inner wall of the sleeve stretcher. 
Finally, the nozzle is closed to prevent air from entering. 
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Stage 4
Filter papers are wetted, then placed on both ends of the test specimen, as 
illustrated in Figure 3.16. The test specimen is lowered slowly into the sleeve stretcher 
until it sits on the porous plate resting on the top cap. Another porous plate is placed on 
top of the specimen. The sleeve stretcher is then moved slowly upwards, allowing the 
folded rubber membrane, at the bottom of the stretcher, to unfold, and wrap over the test 
specimen. Once the membrane at the bottom of the stretcher has been fully extended, the 
membrane at the top is unfolded. The nozzle is then opened to allow air to enter, so that 
the suction between the membrane and stretcher is released, and the sleeve stretcher can 
be removed. 
Stage 5
The O-ring clamp is carefully slid down, midway along the test specimen, in the 
configuration shown in Figure 3.17. Next, two O-rings are strapped around the O-ring 
collar, and the collar is then slowly slid over the test specimen, until it is flush with the 
porous plate. The rubber membrane is folded over the O-ring collar, and the whole set-up 
inverted onto the bottom pedestal, and set in alignment. The bottom pedestal would have 
to be de-aired beforehand. The rubber membrane, which is folded over the O-ring collar is 
unfolded, and, in the process, wrapped around the bottom pedestal, as shown in Figure 
3.18. The rubber membrane can now be stretched downwards to remove any slack. 
Stage 6
The O-ring collar is carefully moved downwards, until its bottom edge is aligned 
with the groove of the bottom pedestal. The first O-ring is then rolled out of the O-ring 
collar and strapped around the bottom pedestal along the lower groove. The next O-ring 
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follows suit, along the upper groove. The O-ring collar is then removed, and a thin layer 
of silicone lubricant applied on the O-rings, for the same reason as given earlier. The O-
ring clamp is then slid downwards into position, as shown in Figure 3.19. 
Stage 7
A thin layer of silicone lubricant is applied on the central portion of the rigid wall, 
which would be in contact with the sides of the test specimen, as shown in Figure 3.20. 
The two rigid walls are then placed on opposite sides of the test specimen, and seated on 
the O-ring clamp at the bottom pedestal. The four sets of tie rods and wing nuts are then 
slotted into their respective notches and tightened. The set-up of the plane strain device is 
thus completed. The perspex triaxial cell may now be mounted, and the test carried out 
according to subsequent §3.4. The complete set-up is as shown earlier in Figure 3.3. 
3.3.10. Prototype of Test Equipment 
Figures 3.22 to 3.27 contain the plates of the prototype biaxial test apparatus. 
Figures 3.22 and 3.23 depict the components of the plane strain test device. Figure 3.22 
includes the rubber membrane, O-ring clamp, top cap, bottom pedestal, porous disc and 
the O-rings, while Figure 3.23 shows the rigid walls, with soil pressure transducers 
embedded in them, and the tie-rods. In Figure 3.24, the specimen is mounted on the 
bottom pedestal with the top cap placed on it. Water-tightness is achieved by clamping the 
O-rings. The O-rings strap the rubber membrane against the top cap and bottom pedestal, 
by embedding in the appropriate grooves. The rigid walls are set in position, as indicated 
in Figure 3.25. Tightening of the tie-rods moves the rigid walls against the specimen 
surface and squeezes out the excess silicone lubricant, to ensure its uniform spread. The 
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circular flange projecting from the tie-rods controls the distance between the rigid walls. 
This would prevent the development of significant stresses on the specimen surface, due 
to the rigid walls, when the tie-rods are tightened. The figure shows the rigid wall 
mounted against the narrow face of the specimen. A test was performed with the rigid 
walls mounted against the broader face of the specimen, in order to study the effects of 
friction. In the plane strain tests specified in Table 3.5, the rigid wall was mounted on the 
narrower face of the specimen, so that the otherwise substantial friction on the rigid wall 
faces might be mitigated, while an aspect ratio of 2 was maintained. The triaxial cell is 
mounted and filled with water as shown in Figure 3.26. Figure 3.27(a) shows the test set-
up, whereby the laser sensors are placed diametrically across of the cell, in order to 
measure the lateral displacements of the test specimen. Figure 3.27(b) depicts the overall 
set-up, together with the data acquisition systems. The test is then ready to commence. 
3.3.11. Saturating Specimens Prior to Shearing 
In all the tests conducted herein, prior to shearing, the specimens were placed in 
the pressure cell, and an effective pressure of 100 kPa applied, under globally undrained 
conditions. From the measured pore water pressure response, degrees of saturation of 96% 
to 99% were inferred for the soil specimens. Increments of back pressure of up to 200 kPa 
were then applied to the specimens, while opening the drainage line, in order to achieve a 
near 100% degree of saturation (Black and Lee, 1973). For all the PS tests, the “B” values, 
at the end of the saturation stage, lay between 0.96 and 0.99, as indicated in Table 3.5 of 
Chapter 3. For the very stiff to stiff soils, the value of “B” has been found by Black and 
Lee (1973) to range between 0.91 and 0.99. Once the required saturation was achieved, 
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the applied cell pressure was adjusted to impose an effective mean stress on the specimen 
that would provide the desired OCR value. For example, back pressures of about 116, 218 
and 157 kPa were applied to saturate the specimens in test PS_D10, PS_D16 and PS_D20, 
respectively. The applied cell pressures for these three tests had to be adjusted to 
approximately 256, 305 and 226 kPa in order to get effective confining pressures of 140, 
87.5 and 70 kPa being applied to the specimens for achieving the desired OCR values of 
10, 16 and 20, respectively. The specimens were then allowed to consolidate under the 
plane strain conditions. As the imposed value of the mean effective stress was very close 
to the pre-existing value of the sample, only minor volume changes were observed. 
Similarly, specimens in the undrained tests were saturated and consolidated under plane 
strain condition prior to shear. 
3.4. Tests on Heavily Overconsolidated Saturated Kaolin Clay 
The specimen is prepared and set up according to §3.3.4 and §3.3.5. A series of 
drained and undrained plane strain (PS) compression tests were carried out under strain-
controlled conditions, by the application of a prescribed displacement rate, as listed in 
Table 3.5. In order to study the behaviour of the heavily overconsolidated clay, under 
different modes of shearing, and observe the influence of test configuration on strain 
localization, similar clay specimens were subjected to standard triaxial compression (TC), 
triaxial extension (TE) and direct shear (DS) tests. Some details of the tests are listed in 
Table 3.6 and 3.7, respectively. The tests were carried out in accordance with the 
standards specified by the BS code of practice “Manual of Soil Laboratory Testing”, 
Volumes 2 and 3 (British Standards Institution, 1994).  After the completion of each shear 
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test, the specimen was taken out of the biaxial test apparatus, and weighed for moisture 
content evaluation. Representative portions of soil, from the shear band, were trimmed off 
carefully, and weighed for determining the moisture content in the failed portions of the 
specimen. The raw data was then processed and evaluated according to §3.5. The analysis 
and results of the tests will be presented in the following chapter 4. 
3.5. Data Processing and Evaluation 
The primary data of each test, as recorded by the data acquisition system, is stored 
at a prescribed time interval, depending on the type of test. For a drained test, which 
usually runs for a period of up to 7 days, data is recorded every 5 minutes. For an 
undrained test, which is carried out over at least one day, data is captured at intervals of 2 
minutes. In the case of the laser sensors, data is recorded at every second, in order to 
determine the entire profile of lateral deformation, along the height of specimen. The 
primary data comprises the axial load measured by the upper load cell, P, the axial 
displacement measured by the linear strain conversion transducer, ua, and the lateral 
displacements measured at the left and right sides of the specimen, ul and ur, respectively. 
Figures 3.28 to 3.32 show the plots of raw data captured by the data logger for the axial 
load, axial displacement, lateral displacement, applied cell and back pressure, and the pore 
pressure generated in the test specimen, for a representative drained test, PS_D20. 
Figure 3.30 represents lateral displacement data, as captured by the laser sensor 
positioned on the right side of the specimen, at one particular elevation along the 
specimen height. Similar lateral displacement profiles were obtained for points 2mm apart 
along the entire height of the specimen. Such profiles for three representative locations 
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like the top, middle and bottom position of the specimen height for the same test are 
shown in Figure 3.31. It may be noted from this figure that different points along the 
specimen height indicate the same trend in their lateral displacement profile. A mild 
scatter in the raw data for the laser sensor is noticeable from Figure 3.30. At point ‘P’, 
there is an abrupt change in the lateral displacement indicating the onset of shear banding. 
All data points up to point P have been smoothed off, by drawing an average line, AP, 
through them using the least square method. Similarly, all data points after point P have 
been drawn to lie on the average straight line, PB, as depicted in the figure. The same 
method has been adopted, in the other tests, to process the lateral displacement data. In 
§3.5.1, it is illustrated how the laser sensor readings are translated first into lateral 
displacements and then, into volumetric strains. 
From Figure 3.32, it is noted that the applied cell pressure and back pressure 
remained fairly constant throughout the compression testing of the adopted specimen. A 
fluctuation of about 4 to 8 kPa was observed in the data, recorded by the pore pressure 
transducer, located at the top of the test specimen. This was the case for all the other 
drained tests conducted herein. According to the standard code of practice, excess pore 
pressure of up to 4% of the effective confining stress, may be allowed to generate during a 
drained shear test (Bishop and Henkel, 1962). 
The axial stress, σ1, axial strain, ε1, lateral strain, ε3, and volumetric strain, εv, are 
calculated from the preceding primary data. The data-logger directly records the values of 
the intermediate principal stress, σ2, and the minor principal stress, σ3, the pore pressure, 
σu, and the applied back pressure, σb. Figure 3.33 depicts the intermediate principal stress 
acting on the specimen, as recorded by the total stress cells. Other quantities, such as the 
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deviatoric stress, J, the effective mean normal stress, p′, the Lode’s angle, θ, and so on, are 
automatically calculated as follows, where compression is taken as positive.
The axial stress is determined as 
31 σσ += A
P
,      (3.2) 
where A = the current cross-sectional area given by, 
luA = ,      (3.3) 
in which 
)(0 rl uuuu ++= ,     (3.4) 
and “l” and “u” denote average length and width, of the specimen, respectively. The initial 
width of the specimen is given by u0. Because of plane strain conditions, the average 
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respectively. The above strains may then be used to compute the volumetric strain, given 
by 
31 εεε +=v      (3.10) 
The global volumetric strain is also measured directly from the volume change 
gage, and the values are, subsequently, compared with those obtained from equation 
(3.10), in §4.3.1.1 of Chapter 4. Assessment of the volumetric strains from the measured 
lateral displacements is provided next. 
3.5.1. Interpretation and Validation of Laser Profiling Data 
This section deals with the evaluation of volumetric strain as interpreted from the 
lateral displacement data captured by the micro laser sensors. A sample calculation is 
provided for the volumetric strains occurred during the drained shear testing of the same 
representative test, PS_D20. 
First of all, the voltage output signals (as shown in Figure 3.30) of the two micro 
laser sensors located on the left and right sides of the specimen are multiplied by the 
appropriate calibration factors to translate the voltage readings into measured 
displacements. Figure 3.34 depicts the lateral displacement profiles measured on each side 
of the specimen during the drained shear testing. It may be noted from this figure that in 
the initial stage of the test, up to about 0.5 mm lateral displacement on either side, the 
specimen deforms relatively uniformly. Figure 3.35(a) shows the total lateral deformation 
experienced by the specimen (profile shown is for the mid-point location along the 
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specimen height) plotted against the axial strain. The sudden change in slope in the lateral 
deformation corresponds to about 1 mm lateral displacement and approximately 5.3 % 
axial strain, indicating the onset of non-uniform deformation. Visual observation during 
the test indicated that changes in the pre-marked gridlines on the specimen became visible 
around 5.9 % axial strain. Shortly after that, a clear formation of the shear band was 
observed across the specimen. The fact that non-uniform deformation started to take place 
around the specified range of axial strain may also be noted from the stress cell readings 
shown in Figure 3.33, indicated by the point where the three readings start to deviate 
significantly. 
Up to the point of uniform deformation, volumetric strains are computed using 
equations (3.9) and (3.10). The lateral displacements of Figure 3.35(a) are first converted 
to lateral strains via equation (3.9) and then added to the measured axial strains to get the 
corresponding volumetric strains. Once a shear band is formed, volumetric strains are 
computed from the deformed shape of the specimen. From the known axial and lateral 
displacements, the deformed height and width of the specimen may be obtained, from 
which the current volume of the specimen can be calculated (length of the specimen 
remains unchanged due to plane strain condition). From the known initial volume prior to 
shear, volumetric strains can thus be calculated. The Volumetric strains computed from 
the laser profiling data are shown in Figure 3.35(b), which are also compared with the 
volumetric strains measured by the automatic volume change unit. The discrepancy 
between the two independent measurements, for the remaining tests, and their 
comparisons with theoretical model predictions will be discussed in the subsequent 
chapters 4 and 6, respectively. 
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3.5.2. Reproducibility of Tests  
In order to indicate the reliability of the testing techniques, including the 
performance of all measuring devices used in the tests, three tests were conducted under 
almost identical conditions to check their repeatability. A clay specimen with an 
overconsolidation ratio of 16 was subjected to undrained compression testing under plane 
strain condition. The results of these three tests are depicted in Figure 3.36 which indicates 
that the tests are repeatable to a reasonable degree of accuracy. 
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Table 3.1 Components of the proposed biaxial device 
Component Number Material Figure 
Top cap 1 Perspex 3.3 
Bottom pedestal 1 Perspex 3.3 
O-ring clamps 2 Perspex 3.3 
Rigid walls 2 Perspex 3.4 
Tie rods with wing nuts 4 Stainless steel 3.4 
O-rings 4 Rubber 3.16 
Rubber membrane 1 Rubber 3.16 
Rectangular porous plate 1 Sand and epoxy 3.16 
Circular porous plate 1 Sand and epoxy 3.16 
Table 3.2 Components used to assemble the biaxial test set-up
Component Number Material Figure 
O-ring collar 1 Stainless steel 3.5 
Sleeve stretcher 1 Aluminum 3.5 
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µε 28.259 10-6 µε 91.1 
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Table 3.4. Experimentally obtained material parameters for the tested clay 
Properties Value (tested kaolin) Value (Speswhite kaolin) 
Specific gravity (GS) 2.55 2.63*~2.68** 
Liquid limit (wL) 75.8 % 65*%~70% 
Plastic limit (wP) 35.1 % 35*% 
Compression index (CC) 0.5528 0.28* 
Swelling index (CS) 0.145 0.05* 
Coefficient of permeability  5.9 x 10-7 mm/sec 7.9 x 10-7# mm/sec 
λ 0.268 0.187# 
κ 0.054 0.02~0.40# 
N 3.800 2.8# 
*
 Prashant and Penumadu (2004) 
**
 Lee and Pande (1998) 
#
 Al-Tabba (1987)

















PS_D10 Drained 10 0.96 43.75 0.005 
PS_D16 Drained 16 0.99 44.69 0.005 
PS_D20 Drained 20 0.96 42.12 0.005 
PS_U04 Undrained 4 0.97 43.53 0.010 
PS_U08 Undrained 8 0.96 43.24 0.010 
PS_U16 Undrained 16 0.96 44.28 0.010 
#The appropriate rates have been deduced based on the permeability of the soil (Head, 1985) 
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Table 3.6. Specification Details of the Triaxial Tests 
Test series 
(TC)* or (TE)** 
Type of 
Test 






Rate of applied 
Loading 
(mm/min)#
TC_D16 Drained 16 0.99 45.53 0.005 
TC_D20 Drained 20 0.99 44.92 0.005 
TC_U16 Undrained 16 0.99 45.10 0.010 
TC_U20 Undrained 20 0.99 45.50 0.010 
TE_D16 Drained 16 0.99 43.05 0.005 
TE_D20 Drained 20 0.98 43.55 0.005 
TE_U16 Undrained 16 0.97 42.72 0.010 
TE_U20 Undrained 20 0.98 45.11 0.010 
*Triaxial Compression test 
**Triaxial Extension test 
#The appropriate rates have been deduced based on the permeability of the soil (Head, 1985) 
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Rate of applied 
Loading 
(mm/min)#
DS_D10 Drained 10 0.97 45.0 0.08 
DS_D16 Drained 16 0.97 47.0 0.08 
DS_D20 Drained 20 0.97 47.5 0.08 
#The appropriate rates have been deduced based on the permeability of the soil (Head, 1985) 
All the tests listed in Table 3.5, 3.6 and 3.7 have been performed on heavily 
overconsolidated saturated specimens of remoulded kaolin clay isotropically pre-
consolidated up to an effective stress of 1400 kPa and isotropically swelled to effective 
stresses corresponding to their respective OCR values. 
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 (a) Tongji biaxial device       (b) Drescher et al., 1990
 (c) Alshibli et al., 2003        (d) Biaxial setup in present study 



























Figure 3.3. The biaxial test apparatus 
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Figure 3.4. Components of biaxial apparatus 
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Figure 3.5. Components of biaxial apparatus (continued) 
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Figure 3.6. Accessories to assemble set-up 
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Figure 3.8. Lateral displacement measurement system 
PLC control box 
Sensor controller 
Stepper motor 
Rigid frame assembly to which each 
sensor is attached 




(a) Laser sensor controllers  mounted on the PLC control box
(b) Inside view of the PLC control box 











Figure 3.10. Calibration curve for micro laser displacement sensors


























loading unloading Linear (loading) Linear (unloading)
-5 V +5 V
-50 mm  +50 mm 
0
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(a) Stress cell model no. SSK P310 -10 (serial no. 6277) 


































test 1 test 2 test 3 Linear (test 1) Linear (test 2) Linear (test 3)
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(b) Stress cell model no. SSK P310 -10 (serial no. 6278) 
































test 1 test 2 test 3 Linear (test 1) Linear (test 2) Linear (test 3)
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(c) Stress cell model no. SSK P310 -10 (serial no. 6279) 
Figure 3.12. Calibration of soil pressure transducers 


































test 1 test 2 Linear (test 1) Linear (test 2)
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Figure 3.13. Stage 1 assembly of the test set-up 
Figure 3.14. Stage 2 assembly of the test set-up 
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Figure 3.15. Stage 3 assembly of the test set-up 
Figure 3.16. Stage 4 assembly of the test set-up 
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Figure 3.17. Stage 5 assembly of the test set-up 
Figure 3.18. Stage 5 assembly of the test set-up (continued) 
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Figure 3.19. Stage 6 assembly of the test set-up
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Figure.3.20. Stage 7 assembly of the test set-up
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Figure 3.21. Pre-marked gridlines on specimen for detection of shear band
Figure 3.22. Components of the biaxial test apparatus 
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(a) total stress cells embedded in rigid wall 
(b) pair of rigid walls with stress cells 
Figure 3.23. Rigid walls for plane strain conditions 
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Figure 3.24. Specimen mounted on base of the triaxial cell 
Figure 3.25. Rigid walls mounted around sides of specimen 
Figure 3.26. Triaxial cell housing biaxial set-up with specimen mounted 
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(a) laser micro-sensors mounted on the triaxial cell 
(b) overall set-up with data acquisition system 
Figure 3.27. Prototype of experimental set-up 
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Figure 3.28. Raw data as recorded by the axial load cell 
Figure 3.29. Raw data as recorded by the axial LSCT 
125
Figure 3.30. Primary data as recorded by the laser displacement sensor 
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      (a) left side           (b) right side 





















Figure 3.32. Raw data as recorded by three pore pressure transducers 
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Figure 3.33. Intermediate principal stress as recorded by total stress cells 
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Figure 3.34. Lateral displacement profiles during drained shear test, PS_D20
130
(a) Total lateral deformation in test PS_D20 
(b) Volumetric strains during drained shear test, PS_D20 
Figure 3.35. Validation of volumetric strains computed from laser profilometry 
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              (a)                (b) 
                       (c)                (d) 
Figure 3.36. Reproducibility of tests 
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4. ANALYSIS OF EXPERIMENTAL RESULTS 
4.1. Introduction 
Results of all the laboratory tests conducted in the present study are presented 
in this chapter. As stated in foregoing §3.4, a total of six plane strain (PS), four triaxial 
compression (TC), four triaxial extension (TE), and three direct shear (DS) tests, have 
been performed on saturated specimens of heavily overconsolidated kaolin clay, under 
drained and undrained loading conditions. In subsequent §4.3, analysis and results of 
individual test data are provided in details.  Particular emphasis has been given in the 
interpretation and analysis of the PS tests, for the purpose of verifying the performance 
of the proposed biaxial test set-up. The occurrence of failure, and global soil behaviour 
in the vicinity of failure, under the different modes of shearing are discussed in §4.4. 
Analysis of the test results are carried out to address two major aspects of soil 
behaviour. First of all, the macroscopic stress-strain behaviour of the heavily 
overconsolidated (OC) clay under various shearing modes or loading conditions will 
be investigated. This should reflect how the strength and volume change characteristics 
are affected by the different loading conditions. Also, the shear strength failure 
envelop of the tested clay will be determined. 
The second approach of the analysis will be targeted to address the issue of 
“shear banding” under various modes of shear. The deformation characteristics of 
shear band in the heavily OC kaolin clay will be evaluated in terms of the initiation, 
propagation, angle of inclination, thickness, etc. of the shear bands. Finally, the 
influence of different test configurations on the strain localization behaviour of the 
heavily OC clay will also be addressed. 
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4.2. Initial Set-up &Testing Procedure 
In all the tests conducted herein, prior to shearing, the specimens were mounted 
inside the pressure cell, according to the steps described in §3.3.9 and §3.3.10 of the 
previous Chapter 3. The specimens were then saturated (according to §3.3.11) in order 
to achieve a near 100% degree of saturation (Black and Lee, 1973). Once the required 
saturation was achieved, the applied cell pressure was adjusted to impose an effective 
mean stress on the specimen that would provide the desired overconsolidation ratio 
(OCR) for the particular test. The specimens were then allowed to consolidate under 
plane strain or triaxial condition. As the imposed value of the mean effective stress was 
very close to the pre-existing value of the sample, only minor volume changes were 
observed. Similarly, specimens in the undrained tests were saturated and consolidated 
under plane strain or triaxial condition, prior to shear. Consequently, the initial starting 
points of all the drained and undrained plane strain shear tests in the present study 
could be assumed to be from an isotropic condition. In Appendix E, the starting points 
prior to shear for the drained and undrained PS tests have been tabulated in terms of 
the measured and assumed values of p′ (effective mean normal stress) and J (deviatoric 
stress). Very small J values were found to exist corresponding to starting point’s p′
values and thus were neglected in the stress paths. 
All drained PS tests were performed with the drainage lines open, under a 
displacement-controlled loading rate of 0.005 mm/min, which corresponds to a 
nominal axial strain rate of 0.35% / hour, for a specimen height of 85 mm. The 
appropriate rates have been deduced based on the permeability of the adopted kaolin 
clay (Bishop and Henkel, 1962). All the undrained PS tests were performed with the 
drainage lines closed, under a displacement-controlled loading rate of 0.01mm/min, as 
obtained from the consolidation curve, which corresponds to a nominal axial strain rate 
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of 0.7% / hour of the test specimen, so that 20% strain was reached in about 29 hours. 
Loading rates of 0.005 mm/min (for drained compression) and 0.01 mm/min (for 
undrained compression) were applied to the specimens tested under TC and TE 
conditions. The majority of the tests were stopped at axial strains of about 20%, or less 
in cases where the specimen developed marked localized deformation and became 
visibly distorted. 
After the completion of each test, the specimen was immediately taken out for 
moisture content determination. Representative portions of soil from the shear band, 
boundary and mid-section of the sheared specimen halves were trimmed off, and 
weighed for moisture content determination, the results of which are presented in 
Table 4.1. This will be discussed in subsequent §4.3. 
4.3. Analysis of Experimental Data 
 As mentioned at the beginning of this chapter, a series of drained, and 
undrained, tests were performed under conditions of triaxial compression, triaxial 
extension, plane strain and direct shear. The main features of soil behaviour are 
presented according to the conventional laboratory testing of soil specimens. Table 4.2 
gives a summary of all the test results in terms of these key features. 
The PS tests were mainly used for checking the reliability of the biaxial 
apparatus developed to test stiff clays that are on the dry side of critical state. Careful 
observation on the formation of shear band and its development during shear testing 
was also an important aspect of the biaxial tests conducted herein. Detailed test results 
for the PS tests are presented first followed by the TC and TE tests, which were 
undertaken on the adopted kaolin clay samples, for comparison under other modes of 
shearing. Since such soils are known to form localized shear zones, the similarities and 
135
differences in their characteristic behaviour were investigated for the different modes, 
and presented at the end of this chapter in following §4.4. 
In the following discussion, the experimental data are analyzed from three 
major viewpoints, such as, (i) the macroscopic stress-strain behaviour, (ii) bifurcation 
point or onset of localization, and (iii) properties of shear band. The results of drained 
and undrained PS tests will first be presented followed by the drained and undrained, 
TC and TE test results. 
4.3.1. Macroscopic Stress-strain Behaviour 
 The stress-strain curves and volume change curves (in drained shear) or excess 
pore pressure curves (in undrained shear) obtained from the plane strain compression, 
triaxial compression and triaxial extension tests on specimens of heavily 
overconsolidated clays are shown and discussed in detail in this section. Results from 
three direct shear tests are also included at the end of this section. 
4.3.1.1. Drained plane strain tests 
As shown in Table 3.5 of Chapter 3, three drained tests, that is, PS_D10, 
PS_D16 and PS_D20, were carried out with OCR values of 10, 16 and 20, 
respectively. All three drained tests were performed with the drainage lines open, 
under a displacement-controlled loading rate of 0.005mm/min, as specified earlier in 
preceding §4.2. Typical plots of the drained tests are depicted in Figures 4.1 to 4.4. 
Figure 4.1 shows the observed stress paths in the drained tests. The mean 
normal stress, p', shown in this figure was computed from equation (3.5) of preceding 
Chapter 3, using the measured values of the three principal stresses, σ1, σ2 and σ3. In 
the foregoing drained tests, the clay specimens were subjected to axial compression, 
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while the radial total stress was maintained constant and no significant excess pore 
water pressures were allowed to develop, as indicated in Figure 3.32 of Chapter 3. 
From Figure 4.1, an average value of about 1.29 was obtained for the slope of the 
resulting stress path.  
Figure 4.2 shows the plots of deviatoric stress versus global axial strain. The 
stress-strain curves were obtained in accordance with the routine correction that uses 
the average sectional area of the specimen. The stress increases monotonically, up to 
about 5.9%, 6.8% and 7.3% axial strain for PS_d20, PS_d16 and PS_d10, respectively, 
whereupon it decreases rapidly. For the drained tests on OC clays, the stress path 
reaches its maximum on the yield surface, whereupon plastic deformation takes place. 
The soil specimen reaches its ultimate state after a certain amount of strain softening 
has taken place. The peak stresses for the three tests correspond to values of 90, 121 
and 154 kPa, respectively. Specimens with higher OCR values start to yield at lower 
axial strain and peak deviatoric stress. 
Miniature stress cells were used to measure the intermediate principle stress, 
σ2, while pressure transducers were used to measure values of the major and minor 
principle stresses (σ1 and σ3). Measured values of σ2 by all the pressure cells were 
almost identical up to the onset point of non-uniform deformation. Thus, an average 
value was used. Once, non-uniform deformation starts to occur, the values registered 
by these stress cells differed significantly. In subsequent §4.3.2.1, it will be explained 
why over-registration is expected to occur in stress cells in the vicinity of failure of the 
host medium. This was evident in the specimens tested in the present study. Once such 
over-registration occurs, the stress cell reading may not be truly representative of the 
state of the soil. Thus, an average value of the remaining stress cells (away from the 
shear band region) was used for stress calculations from this point onwards. Based on 
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these stress measurements, values of stress ratio were computed. Figure 4.3 depicts the 
variation of stress ratio with axial strain, based on effective stresses computed from 
measurements of pore water pressures by the transducer located at the top of the 
specimen. All three tests indicate that, at about 10% axial strain, the effective stress 
ratio levels off to a residual value. 
The global volumetric strain, computed from the volume of water expelled 
from the specimen (burette method), is plotted against the global axial strain in Figure 
4.4. Volumetric strains, obtained from the laser sensor method, have also been 
included in this figure. The latter method of computing volumetric strains from the 
lateral and axial displacements of the specimen has been described earlier in foregoing 
§3.5.1 for test PS_D20, which is re-plotted in Figure 4.4(c). The same method was 
used to compute volumetric strains for drained tests PS_D10 and PS_D16 which are 
depicted in Figure 4.4 (a) and (b), respectively. 
The laser sensor method allows tracking, not only of the total volume change, 
but also the deformed shape of the specimen. This is achieved by moving the remote 
laser micro-sensors along the height of the specimen, at any given stage of the test, the 
output being recorded by a data logger. The initial output reading, taken prior to 
shearing the specimen, serves as the reference value. The difference between every 
subsequent reading, taken during shear testing, and this reference value, represents the 
lateral movement of each side of the specimen. From the lateral displacement profiles 
during the entire shear testing, the point of bifurcation or onset of localized 
deformation can be identified. This will be illustrated in detail in subsequent §4.3.2, 
from which it may be noted that complete development of shear band across the 
specimen occurs shortly after the peak observed on the stress strain curve. Once a 
shear band cuts across the specimen, relative motion of two structures or blocks takes 
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place. Prior to the stage where the relative motion of two sliding blocks occurs, 
volumetric strains are computed via equation (3.10), as specified in preceding Chapter 
3. The lateral strain (ε3) in equation (3.10) is calculated from the total lateral 
displacement measured by the laser sensors while the axial strain (ε1) is computed from 
the measured axial displacement. Compressive volumetric strains are taken as positive. 
In the post-peak region of the stress-strain curve, once the specimen is split into 
two sliding blocks, the volumetric strains are computed from the deformed shape of 
the specimen.  At any stage of the test, the deformed shape of the specimen is obtained 
from the axial shortening and lateral expansion measured at that moment (the 
deformation in the plane strain direction being assumed to be zero), and the current 
volume of the specimen is computed accordingly. From the known specimen volume 
before the start of shearing, the volumetric strain may thus be computed at any stage of 
the test. In the computation of volumetric strains by the laser method, as depicted in 
Figure 4.4, lateral displacement at the mid-height of the specimen is considered. 
The general trend observed in the drained PS tests (Figure 4.4) indicates that 
specimen is compressed until the peak stress is attained, whereupon it starts to dilate, 
until it reaches the residual state, and further volumetric strains became negligible. 
This behaviour of volume change is consistent with routine observations of shear 
testing of clay specimens which are on the dry side of critical state. It is apparent, in 
Figure 4.4, that the two methods for obtaining the volumetric strain registered almost 
the same volume change in the initial part of the stress-strain curve, that is, up to 4~5% 
of the axial strain. However, at larger strains, especially in the post-peak region, 
significant deviation occurred in the volume change measured by the two methods. 
The burette method showed too small a volume expansion of the specimen. This is 
probably due to the fact that there is insufficient water intake into the voids of the 
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expanding specimen. Mochizuki et al. (1988) used no-contact “gap sensors” to 
measure the lateral displacement of overconsolidated sand specimens, tested under 
triaxial and plane strain conditions, and reported that the volumetric strains, computed 
from the lateral deformation of the sand specimen, also reflected greater dilatancy than 
that registered by the burette method. 
4.3.1.2. Undrained plane strain tests 
The three undrained PS tests, PS_U04, PS_U08 and PS_U16, were carried out 
with OCR values of 4, 8 and 16, respectively. Prior to shearing, the specimens were 
placed in the pressure cell and saturated by increments of applied back pressure, in a 
similar manner as stated in preceding §4.2 for the drained tests. A degree of saturation 
of about 97% was inferred for all the soil specimens, as shown in foregoing Table 3.5. 
All three undrained tests were performed with the drainage lines closed, under a 
displacement-controlled loading rate of 0.01mm/min, as obtained from the 
consolidation curve. Typical plots of the undrained tests are depicted in Figures 4.5 to 
4.9.
Figures 4.5 depicts the state paths of undrained plane strain tests PS_U04, 
PS_U08 and PS_U16 in the p´:J plane. The shear stress-axial strain, and stress ratio-
axial strain responses of the adopted test specimens are shown in Figures 4.6 and 4.7, 
respectively. It may be noted from these figures that the undrained test specimens 
exhibit yield, maximum stress ratio, maximum deviatoric stress and ultimate stress 
states, respectively, from an initial isotropic stress state prior to shearing. The 
condition of zero volumetric strain during the test forces the undrained test path to rise 
almost vertically (at constant effective mean normal stress, p') as seen in Figure 4.5. 
The ends of these vertical stress paths denote the point where the specimen reaches the 
yield surface whereupon plastic deformation starts to take place. The yield points for 
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test PS_U04, PS_U08 and PS_U16 occurred around 3.9%, 3.1% and 2.6% axial 
strains, respectively, as noted in Figures 4.5 and 4.6. From Figure 4.7, it is observed 
that the maximum stress ratio for the above three tests occurred approximately at 5.5%, 
5.2% and 5.3% axial strain, respectively. Figure 4.6 shows that the shear stress 
monotonically increased until about 6.0%, 5.7% and 5.4% axial strain for tests 
PS_U04, PS_U08 and PS_U16, respectively, whereupon it decreased sharply. At about 
8% axial strain, the deviatoric stress and stress ratio, essentially levelled off to a 
residual value for all the undrained PS tests. An average value for the residual/ultimate 
stress ratio (η) was found to be about 0.45 from the three undrained tests. 
Excess pore pressures generated within the test specimen, during the undrained 
PS tests, are depicted in Figure 4.8. It is seen from this figure that pore pressures 
increase monotonically up to approximately 5.9%, 5.5% and 5.2% axial strain for test 
PS_U04, PS_U08 and PS_U16, respectively, indicating that the material behaviour is 
contractant. A drop in the pore pressure response is noted for all the undrained tests 
which correspond, more or less, to the peak point on the respective stress-strain curves 
of the tests. In subsequent §4.3.2 and §4.3.3, it will be shown that the drop in the pore 
pressures corresponds to a localized dilatant response associated with the formation of 
a shear band. In addition, the peak load/stress is apparently the result of the formation 
of a shear band within the specimen which occurs nearly coincident with the peak of 
the effective stress ratio, η, shown in Figure 4.7. It is worth noting that a complete 
100% de-airing of the drainage lines and pore pressure measuring system was not 
possible, in spite of taking all the necessary measures specified in standard soil testing 
manual (Head, 1985). As a result, the volume change by the burette method (in drained 
shear) and the pore pressure (in undrained shear) measurements at the ends of the 
specimens may not be 100% accurate. However, these measurements do serve as 
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appropriate indicators for the overall global behaviour of the specimen response. 
4.3.1.3. Drained and undrained triaxial compression tests 
As indicated in foregoing Table 3.6, two drained, and undrained, triaxial 
compression (TC) tests, with OCR values of 16 and 20, were carried out on prepared 
samples of kaolin clay, with identical properties as the samples of the foregoing PS 
tests. Cylindrical test specimens of 50mm diameter and 100mm height were adopted. 
The initial conditions and loading paths were kept the same as for the drained and 
undrained PS tests with OCR values of 16 and 20. 
The test results indicated similar responses, for the drained, as well as 
undrained tests. The necessary corrections for area and membrane penetration were 
duly accounted for, in the analysis of the test data (Bishop and Henkel, 1962). The 
results of the TC tests are displayed in Figures 4.9 to 4.16 for the drained and 
undrained TC tests. 
The stress paths observed in the drained and undrained triaxial compression 
tests are shown in Figures 4.9 and 4.10, respectively. The slope of the drained test 
stress path is about 1.73.  
The deviatoric stress and stress ratio, have been plotted against the axial strain 
of the adopted test specimen in Figures 4.11 and 4.12, for drained tests TC_D16 and 
TC_D20, respectively, while the volumetric strain-axial strain are depicted in Figure 
4.13. Peak strength wise, the trend indicated by the two tests are correct. However, 
there seems to be a significant difference in the stiffness of the two test specimens. 
This could probably be due to some un-intentional disturbance introduced during the 
mounting and setting up of the specimen in test TC_D20 (as all other test specimens 
indicated similar stiffness characteristics). Again, the shear stress and stress ratio rise 
monotonically up to certain values of axial strain (specified in Table 4.2) whereupon 
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they decrease to residual values. Volumetric strains are contractant up to these peak 
values after which the specimen exhibits dilatant behaviour, similar to what has been 
observed for the PS tests.  
The test specimens in undrained TC tests are seen to yield and develop 
localized shear banding, similarly as in the case of undrained PS tests discussed in 
foregoing §4.3.1.2. The deviatoric stress, stress ratio and excess pore pressure 
responses have been plotted against the axial strain of the undrained TC test specimen, 
in Figures 4.14, 4.15 and 4.16, respectively. Values of axial strain at which peak stress 
ratio and peak load were observed have been tabulated in Table 4.2. Similar trends in 
soil response may be observed in the TC tests, as in the case of the PS tests. 
4.3.1.4. Drained and undrained triaxial extension tests 
As indicated in preceding Table 3.6, two drained, and undrained, triaxial 
extension (TE) tests, with OCR values of 16 and 20, were carried out on prepared 
samples of overconsolidated kaolin clay, with identical properties as the samples of the 
foregoing PS and TC tests. Cylindrical test specimens of 50mm diameter and 100mm 
height were adopted. The initial conditions and loading paths were kept the same as for 
the drained and undrained PS tests with OCR values of 16 and 20. 
The drained and undrained test stress paths are plotted in Figures 4.17 to 4.18, 
respectively, for the TE tests in a way similar to those shown earlier for the TC tests. 
The test results indicate similar responses for the two drained, and undrained, tests. 
Typical results of the drained tests, TE_D16 and TE_D20, and those of the undrained 
tests, TE_U16 and TE_U20, are displayed in Figures 4.19 to 4.21, and 4.22 to 4.24, 
respectively. The slope of the drained stress path on the p´:J plane is about 1.73, which 
is the same as that of the drained TC tests. From the same starting point of isotropic 
consolidation as its corresponding TC test, each TE test stress path reached the yield 
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surface in the extension stress space, as shown in Figures 4.17 and 4.18. A significant 
amount of “necking” was observed in the extension test specimens, shortly after the 
peak state was attained, as indicated by the load cell readings. Once this happened, the 
“necking” area was used to calculate deviator stresses. 
The TE specimens exhibited similar trend of soil behaviour as observed in the 
stress-strain response of the PS and TC test specimens. The TE specimens reached 
peak stress and stress ratio almost at the same axial strain values which are listed in 
Tables 4.2 and 4.3. 
4.3.1.5. Direct shear tests
The direct shear tests were conducted mainly to investigate the magnitude of 
critical (residual) angle of friction (φcr') in direct shear mode. Saturated specimens of 
the re-constituted kaolin clay were used to conduct direct shear (DS) tests. The shear-
box apparatus, in which drainage cannot be prevented entirely, is not suitable for 
undrained tests. Thus only drained tests were conducted using the apparatus. Three 
drained tests with OCR values of 10, 16 and 20 were carried out, in accordance with 
the procedure described in Section 12.7 of BS 1377: Part7 (British Standard 
Institution, 1994). From the rate of drainage measured during the consolidation stage, a 
suitable rate of shearing, equal to 0.08 mm/min, was assessed, and applied to shear the 
specimens. The results of the tests are shown in Figures 4.25 and 4.26. 
Figure 4.25(a) depicts the shear stress versus horizontal displacement for three 
different applied normal pressures, 70 kPa, 87.5 kPa and 140 kPa, corresponding to the 
three OCR values of 20, 16 and 10, respectively. Typical strain softening responses 
were observed in the direct shear tests. The specimens contracted up to the peak stress, 
whereupon dilatant volume change behaviour became evident, as shown in Figure 
4.25(b). The shear strength envelopes obtained from the three tests (Figure 4.26) result 
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in a peak value of φpeak′ = 36.9° and a critical state value φcs′=21.5°. Due to uneven 
pore pressure generation and local dissipation, it becomes difficult to predict accurate 
boundary conditions for direct shear tests of clays. However, results shown in the 
current work reflects that direct shear friction angle for the tested clay is close to its 
triaxial friction angle. Gens (1982) reported that the critical state friction angle for 
clays is the same under conditions of triaxial compression, extension and plane strain. 
Similar observation has been reported by Bolton (1986). Even of the direct shear 
friction angle is a few degrees different from that found in other shear modes, it may 
serve as a first order approximation for a constant value of φcs.
4.3.2. Onset of Localization and Shear Band Propagation 
The deformation and failure patterns of the PS experiments are explained with 
the help of stress-strain curves, volume change curves and relations between principal 
strains (obtained from measurements of lateral and vertical deformations) as shown in 
Figures 4.27 to 4.45. In the following text, these experimentally observed 
characteristics are considered for indicating the onset and propagation of shear banding 
in the heavily OC clay specimens tested under plain strain and triaxial compression as 
well as triaxial extension. 
In Figure 4.27, a schematic representation is shown to illustrate the important 
stages of deformation pattern, for various successive loading increments from start to 
end of shear testing. In this diagram, a typical stress-strain plot for stiff clays is 
presented to which the four distinct stages of deformation, as identified from the 
experimental observations, are co-related.  The stages “1”, “2”, “3” and “4”, specified 
in this schematic representation, will be referred to in all the subsequent plots to 
identify the point of onset of localized deformation, point of visible shear banding 
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from a nucleus and its propagation to a fully developed shear band, and finally, the 
point whereupon relative sliding of two blocks of the failed specimen takes place 
during the residual state of stress. Stage 1, in the diagram, refers to the part of 
constitutive behaviour where the specimen deforms fairly uniformly in what is 
considered as a diffuse strain mode. In stage 2, onset of localized deformation, denoted 
by point “O”, takes place slightly before or at the maximum point (denoted by “P”) 
observed on the stress strain curve and a shift from a diffuse strain mode to a localized 
strain mode is initiated. Visible sign of the formation of a shear band is noticeable right 
after this peak stress point of stage 2. Strain localization intensifies very sharply during 
stage 3. A fully developed shear band forms across the specimen during this stage 
which is associated with a rapid softening. A point of onset of sliding, denoted by “S”, 
is observed near the end of stage 3. Furthermore, the appearance of a shear band is 
characterized by a substantial dilatancy. Finally, stage 4 denotes a block-on-block 
slippage mechanism where relative motion of two blocks or structures is observed 
accompanied by a residual state of stress. 
Continuous monitoring of density changes within a specimen undergoing shear 
by means of γ-ray or X-ray technique makes it possible to trace the onset and 
propagation of a full-grown shear band in a very precise manner. For example, Desrues 
(1984) and Alshibly et al. (2003) used such techniques to successfully display the 
appearance of shearing band in biaxially loaded sand samples. In the present study, 
such radiographic technique was not available. However, an indirect indication of 
shear band initiation and propagation throughout the specimen was made possible from 
the measured lateral displacement profiles along with close visual inspection of the 
grid pattern printed on the specimen membrane. This is illustrated as follows. 
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4.3.2.1. Detection of shear band from lateral displacement profilometry 
A series of three figures is plotted for each PS test to completely identify and 
describe the 4 distinct stages illustrated in Figure 4.27. Figures 4.28-4.30, 4.31-4.33 
and 4.34-4.36 refer to the drained PS tests PS_D20, PS-D16 and PS_D10, respectively. 
Similar plots for the undrained PS tests, PS_U16, PS-U08 and PS_U04, are depicted in 
Figures 4.37-4.39, 4.40-4.42 and 4.43-4.45, respectively. All the above figures showed 
similar trend of behaviour. Therefore, only one set of figures (that is Figures 4.28 to 
4.30) for a representative test, PS_D20, will be discussed next. 
Figure 4.28(a) and (b) depict the lateral deformation profiles measured by the 
laser sensors located on each side (right and left, respectively) of a specimen. From 
these two profiles, the existence of a shear band across the specimen is noted and 
sketched out, as shown in Figures 4.28(c). The actual photograph of the failed 
specimen, taken after the end of the test, is also shown next to the sketched diagram of 
the failed specimen in Figure 4.28(c). Comparisons of the sketched shear bands from 
lateral deformation profiles and those observed in the photographs, for all the PS tests, 
clearly indicate that the laser measurements enabled correct capturing of geometric 
formation of the shear bands observed in the PS tests. 
Onset of non-uniform deformation
   The second figure (that is, Figures 4.29) in the above-mentioned set of three 
figures for test PS_D20, depicts three different measures for indicating the uniformity 
of deformation during the test. Point “O” in (a), (b) and (c) of Figure 4.29 denotes the 
onset of non-uniform deformation or the “bifurcation” point. Point “P” corresponds to 
the maximum point on the stress strain curve. Point “S” refers approximately to the 
point whereupon relative sliding between the top and bottom parts of sample takes 
place. The points “O”, “P” and “S” have also been defined earlier in the previous 
147
section in terms of a schematic representation in Figure 4.27. 
In Figures 4.29(a), 4.32(a) and 4.35(a), the interpretation method of fitting the 
curve by two straight lines may seem a bit arbitrary mainly because of the few 
experimental points shown in these figures. In a typical undrained test, about 200 to 
250 data points are captured at each point along the specimen height and that for a 
typical drained test ranges from about 400 to 450 points. When all these points are 
considered, as illustrated in foregoing Figure 3.30 (Chapter 3) for a typical drained PS 
test, a clear trend is obvious from it where the bifurcation point (P) can be located 
fairly accurately. All points lying between the origin and this point P are approximated 
with a straight line and similarly all points between P and the end of the test are 
averaged by another straight line. It is quite clear that all the test points lie on or very 
close to these averaged or smoothed lines. This has been done for all tests to locate the 
onset point prior to plotting the final figures (as shown in this chapter) in order to 
avoid too many data points clouding other aspects of the diagrams. 
 Figure 4.29(a) shows the lateral displacement as a function of global axial 
strain. In this plot, an abrupt change in the slope of the line, depicting lateral 
displacement with respect to global axial strain, is noted at point O. Up to this point, 
both right and left sides of the specimen experienced almost equal amount of lateral 
displacements (roughly about 1.0mm or less as noted from (a) and (b) of Figure 4.28). 
In other words, relatively uniform lateral strains were observed until point O, 
whereupon they began to diverge. This type of observations is consistent with the 
development of a sliding surface on which almost all of deformations are concentrated 
(Drescher et al., 1990; Viggiani et al., 1994). Global axial strains corresponding to 
point O for tests PS_D10, PS_D16 and PS_D20 are noted to be about 6.6%, 6.2% and 
5.4%, respectively. Similar values of global axial strains corresponding to the 
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undrained PS tests are given in Table 4.3. 
The onset of non-uniform deformation can also be detected from the total stress 
cell readings located at the top, middle and bottom region along specimen height. The 
measurements of a non-uniform loading process are shown for the drained PS test, 
PS_D20 in Figures 4.29(b). A schematic drawing is included in the figure to show the 
location of the three stress cells (denoted by the three small circles). It may be seen 
from this figure that the intermediate principal stress, measured by the three stress 
cells, remains essentially the same until point O is attained. The global axial strains 
corresponding to this point however, are not exactly the same as those obtained from 
the lateral displacement profiles discussed in the preceding paragraph. Values of global 
axial strain corresponding to point O, P, and S obtained from lateral displacement 
profiles and stress cell readings are presented in Table 4.4. Both measures detect points 
O, P and S approximately around the same time in terms of global axial strain. 
It is worth mentioning here that the stress cell measurements are very sensitive 
and affected by several factors. One of the major factors is recognized as the state of 
stress in the “host” medium (Weiler and Kulhawy, 1982). Research (Hvorslev, 1976) 
has shown that severe over-registration of stress cell occurs as the state of stress in the 
soil surrounding the cell approaches failure. This is due to the fact that as the soil 
softens because of increased shear stresses, more and more stress is transferred to the 
relatively stiff stress cell, causing a change in stress distribution as well as increase in 
stress magnitude. Williams and Brown (1971) performed a finite element analysis to 
confirm that as the soil at the edges of the stress cell fails, normal stress is transferred 
to the active face of the cell, causing over-registration. This is also evident from the 
stress cell measurements for all the drained PS tests shown in Figures 4.29(b), 4.32(b) 
and 4.35(b). The stress cell in the vicinity of a shear band (as shown schematically) is 
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seen to register significantly higher magnitude of stresses as soon as the specimen 
starts to undergo non-uniform deformation. Thus, in general, it appears that the 
detection of point O by the laser sensor measurements may be regarded as a fairly 
accurate indication of the starting point of localized deformation. 
Onset of shear banding and sliding
The third measure of non-uniform mode of deformation is indicated in Figure 
4.29(c), where the difference of widths obtained from the lateral displacement 
profilometry at an upper and lower elevation along the specimen height are plotted 
against the global axial strain. Wu and Wl denote the widths of a specimen at particular 
arbitrary locations, as shown schematically in the above figure. The difference in 
widths (that is, Wu ~ Wl) should ideally be zero as the specimen deforms rectilinearly 
in a perfectly uniform mode of deformation. The above plots of width difference 
versus global axial strain reveal an almost flat line of zero width difference up to point 
O, indicating uniform deformation. After point O, there’s sudden change in the slope 
of the line. After point S, the difference in widths rapidly rises until an approximately 
constant value of rate of change is attained. In other words, significant width difference 
is noticeable only after point S, which corresponds to the complete development of a 
shear band cutting across the specimen and consequent sliding of two structures. It 
should be noted that in majority of the tests conducted herein, the shear bands formed 
in the upper part of the specimens (yielding Wu > Wl) and extended towards the upper 
loading platen. 
From the above test results, the points “O”, “P” and “S” may be considered as 
characteristic points in the formation of a shear band. These three points have been 
superimposed on the previously shown plots of major principal stress ratio, deviatoric 
stress, and volumetric strains, plotted against the global axial strain, as depicted in 
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Figure (a), (b) and (c) of Figure 4.30. It may be seen from this figure (and also other 
similar figures for the remaining PS tests) that point P is almost coincidental with the 
maximum stress ratio and the peak shear stress points. Table 4.3 indicates that point O 
occurred at about 6.6%, 6.2% and 5.4% for tests PS_D10, PS_D16 and PS_D20, 
respectively. Point P for the same three drained tests occurred at about 7.3%, 6.8% and 
5.9%, respectively. Similarly, for the undrained PS tests, point P is seen to occur at 
larger axial strains than that of point O. In other words, the point of onset of non-
uniform deformation occurs slightly before this peak point which indicates clearly that 
shear banding is initiated in the hardening regime of the stress-strain plots for the case 
of all the PS tests. From Figure 4.30(c), it is noted that after the peak point is attained, 
the strength of the specimen drops very sharply and the residual/ultimate state is 
reached within a relatively short span of time. Failure in these tests may therefore, be 
considered to be a consequence of shear banding rather than a constitutive response.
4.3.2.2. Detection of shear band in triaxial tests 
The lateral displacement measurement system consisting of the laser micro 
sensors and mounting assembly could only be used in conjunction with the biaxial set-
up in the present study. For triaxial test specimens, therefore, detection of shear band 
and its propagation had to be obtained mainly based on careful visual inspection 
throughout the test. In addition, experimentally observed characteristics derived from 
the stress-strain and volume change responses (as shown in Figures 4.9 to 4.24) of the 
tested triaxial specimens were considered to indicate the occurrence of shear banding. 
 Considering the important facts reported in the available literature (Lade and 
Tsai, 1985; Wang and Lade, 2001) which state that failure in triaxial compression and 
extension tests is not a result of shear banding but represents a continuum response and 
shear banding occurs after homogenous peak failure had taken place in the specimen, 
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the breaks in the stress-strain curve in the softening regime are indicators of onset of 
shear banding. Wang and Lade (2001) confirmed this finding through a series of true 
triaxial tests conducted on sands and reported that the stress-strain behaviour in the 
softening regime for a specimen under triaxial compression consists of three stages. In 
the first stage, material softening takes place accompanied by a gradual strength 
decrease from its peak value. The second stage is associated with shear band softening 
where strength decreases abruptly at a very fast rate as the deformations become 
localized in the shear bands. Finally, the third stage shows a well-defined shear band 
forming across the specimen as the residual state of strength is reached terminating any 
further strength reduction or volume change. 
Interpretation of the stress-strain and volume change curves in the light of the 
above discussion for the triaxial compression and extension tests conducted in the 
present study enabled indirect detection of the onset points of localized or non-uniform 
deformation for the triaxial tests which have been listed in Table 4.3. For TC_D16 and 
TC_D20, point P occurred at 4.5% and 8.1% axial strains whereas, point O occurred at 
5.5% and 8.8%, respectively. The other triaxial tests also indicated the same trend. 
That is, shear bands were found to occur in the softening regime of the stress-strain 
curves for all triaxial test specimens as indicated in this table. Visual inspection 
revealed that shear bands could only be observed after most of the strength reduction 
had taken place in the triaxial specimens and were fully developed near the attainment 
of the residual state of strength. These observations are consistent with findings by 
other researchers.  
4.3.3. Properties of Shear Band 
 Strain localization, in a well-defined single shear band, has been 
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experimentally observed in all the PS tests performed herein. The physical properties 
associated with the observed shear bands, in terms of their initiation, propagation, 
angle of inclination, thickness, etc. are summarized in Table 4.3. In all the PS tests, the 
initiation of localization was observed before the peak stress value implying that 
localization initiates in the hardening part of the stress strain curve. Desrues et al. 
(1985) and Viggiani et al. (1994) reported similar findings for biaxially loaded sand 
and stiff clay samples, repectively. Vardoulakis et al. (1978), Alshibli et al. (2003) 
found that localized deformations develop at the peak in plane strain testing of sands. 
Wang and Lade (2001) performed a series of true triaxial tests on loose to dense sand 
samples and reported that as the “b” value [defined by equation (3.1) in previous 
Chapter 3] increases from “0”, in triaxial compression, to “1”, in triaxial extension 
loading condition,  strain to failure decreases. For b-values in the range of 0.12 to 0.80 
in their tests, peak points appeared to represent points of instability. The observed 
softening after each peak (shown earlier in the stress strain plots of foregoing §4.3.1.1 
and §4.3.1.2) is therefore, a consequence of bifurcation instability in the 
neighbourhood of the peak. 
 In the following discussion, deformation patterns and consequent shear bands 
formed in the post peak regime are explained in terms of the stress strain 
characteristics and volume change response of the clay specimens. 
4.3.3.1. Shear band and stress-strain characteristics
 Figure 4.30(a) and (b) show the variation of major principal stress ratio (σ1/ σ3) 
and deviatoric stress (J), respectively, with respect to global axial strain, for test 
PS_D20. It is seen in these figures that both the stress ratio and shear stress, 
monotonically increase until about 6.0% axial strain corresponding to point P. Stage 
“1”, indicated in Figure 4.30(b), is associated with the shearing phase where the 
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specimen deforms fairly uniformly. The next stage “2” is associated with the onset of 
non-uniform deformation (point O) and peak failure (point P) points. Signs of 
formation of a shear band start to become visible only at or immediately after this peak 
point. In subsequent stage “3”, in between points P and S, the stress ratio and stress 
decrease rapidly until about 6.7% strain around point S. Shear band formation becomes 
more and more intense during this stage until a fully developed shear band emerges 
across the specimen denoting the onset of sliding, where relative motion between two 
blocks or structures take place. Finally, both the stress ratio and stress essentially level 
off around 10% axial strain comprising stage “4” of the shear testing. 
 From similar plots shown for the other PS tests, it is noted that, point P appears 
to represent a point of instability occurring before smooth peak failure points can be 
obtained. This causes localization of deformations into narrow shear zones and enables 
the kinematics of a failure mechanism to develop. As a consequence, softening 
behaviour follows the peak strength level. In all the PS tests, visible shear bands were 
detected when the strengths were dropping at the highest rates. From the above figures 
and Table 4.3, it is noted that the residual strengths were reached within 0.7% or less 
post-peak straining for the PS tests. This observation is very much in accordance with 
the results presented by Wang and Lade (2001) for sands tested under true triaxial 
conditions with “b” value ranging from 0.20 to 0.80. For the experiments conducted in 
the present study, computed “b” value for the PS tests was seen to range between 0.25 
and 0.29, as shown in Table 4.5. 
4.3.3.2. Shear band and volume change characteristics in drained tests
 As mentioned earlier, the PS drained tests were performed with free draining 
boundary at the bottom of the specimen, with pore pressure measurements at the top 
and bottom boundaries of the specimen. In Figures 4.30(c), the global volumetric 
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strain, computed from the volume of water expelled from the specimen in test PS_D20 
(burette method) as well as from measured lateral and axial displacement of the 
specimen (laser method), are re-plotted against global axial strain. Positive values of 
volumetric strain indicate compression. It is obvious from these figures that the 
specimen is globally compressing right up to the peak load (point P), whereupon it 
starts to dilate. However, the onset of localization (point O) has occurred much earlier, 
as evident from the foregoing test results and discussions. This phenomenon has also 
been observed by Viggiani et al. (1994) in their study of shear band formations in stiff 
clay specimens. In the above investigation, the authors explain that local pore 
pressures in the shear band are generated which increase beyond the point of onset of 
localization (point O) and thus the specimen exhibits a contractant response right up to 
the peak load. Viggiani et al. (1994) used local pore pressure probes around the mid-
height of their test specimens and reported that the excess pore pressures registered by 
the pressure probe remained constant, after an initial adjustment, up to point O. The 
pore pressure then gradually rose until a shear band was completely formed (point S). 
Thereafter, the pore pressures sharply decreased until the residual strength was attained 
(corresponding to stage 3 of Figure 4.27 in the present report) and then increased. 
Although the drained tests were carried out at a nominal strain rate of 0.02 %/hour, 
which is slower than the typical strain rate associated with a drained test, excess pore 
pressures developed as a consequence of shear band formation. In the present study, 
local pore pressure probes were not available, only average global pore pressure 
measurements at the top and bottom boundaries were obtained. The specimen pore 
pressure, as registered by the top pore pressure transducer (PPT), for the three drained 
PS tests, is shown in (a), (b) and (c) of Figure 4.46. The experimentally obtained 
characteristic points, O, P and S, are superimposed on these plots of pore pressure 
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versus global axial strain for each of the drained PS tests. It is interesting to note in 
Figure 4.46, that after an initial adjustment, the excess pore pressure remained fairly 
constant or decreased slightly until around the peak load (point P). Since excess pore 
pressures are generated in the shear band where shear strain is concentrating, 
dissipation of these excess pore pressures will cause a time lag until they are sensed at 
some distance from the band, which is where the current PPT is located. However, the 
sudden decrease and increase in local pore pressure from point P and S respectively, 
could still be sensed, in the form of a “kink”, by the remote PPT located at the top 
specimen boundary. This is most likely due to the fact that once the shear band cuts 
across the specimen, proximity between the band and PPT increases; thereby enabling 
the PPT to reflect pore pressure measurement that is prevailing in the shear band. 
 Peters et al. (1988) tested sands under plane strain and triaxial compression and 
suggested that the onset of shear banding indicated by point P is associated with the 
breaks in the volume change curves. Focusing back to Figures 4.30(c), 4.33(c) and 
4.36(c), reveals that this is not the case in the present investigation of testing heavily 
OC clays under plane strain condition. The break in volume change curve denotes the 
substantial decrease in the rate of dilation, which, for the drained PS tests conducted 
herein, occurs when the strength approaches the residual state. As mentioned earlier, 
shear bands became visible only after point P and became fully developed around point 
S which takes place right before the strength approached the residual state and the rate 
of dilation decreased substantially. From the present study, it is therefore, suggested 
that the onset of shear banding occurs much earlier than indicated by the break in the 
volume change curve. Similar conclusions were reported by Viggiani et al. (1994) and 
Wang and Lade (2001). 
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4.3.3.3. Shear band and local drainage in undrained tests
From the findings presented in Table 4.3, localized shear banding is observed 
to initiate around the point of maximum stress ratio and continue to develop until the 
peak deviatoric stress point is reached, during which, the soil in the shear band dilates 
and softens, due to local drainage. Atkinson and Richardson (1987) studied the 
undrained behaviour of heavily overconsolidated London clay, under triaxial 
compression loading, and reported that in nominally undrained tests, relatively large 
hydraulic gradients were present near the shear zones that might lead to local drainage 
and volume changes, such that the tests would not, strictly, have been undrained. From 
Figure 4.47, in which is plotted the volumetric strain-axial strain, almost zero volume 
change may be noted up to the initial loading stage, after which a slight expansive 
volumetric strain, about 0.2% to 0.4%, was measured by the laser sensor method. 
Atkinson and Richardson (1987) suggested that such a small amount of volume change 
is likely to take place in the shear zone, as a result of local drainage, the degree of 
which would increase with higher OCR. This is actually reflected in Figure 4.47, 
dilatant volumetric strains increased with increasing OCR. The peak deviatoric stress 
would approximate the point at which volume changes develop relatively strongly, and 
the reduction in deviatoric stress after the peak (as shown in earlier Figures 4.5 and 
4.6) would be associated with continuing local drainage. 
 A comparison of the initial values of water content before shearing (as 
indicated in foregoing Table 3.5), and those after shearing (as indicated in Table 4.1), 
shows that the water content of the undrained test specimen varied during the test. 
Moreover, the water content at failure, within the shear band, is higher than the overall, 
or global, water content, as depicted in Figure 4.48. The formation of shear zones, in 
the heavily OC clay specimen, is likely to have caused local drainage and volume 
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changes, so that the test was not strictly undrained. The responses of the specimens in 
the undrained tests of the present study seem to be consistent with the findings of 
Atkinson and Richardson (1987). 
4.3.3.4. Thickness and orientation of observed shear bands
 Thickness of shear bands formed in sand specimens are known to be 
significantly thicker than that formed within clay specimens. The thickness of the 
observed shear bands in the present study are of the order of fine hairline width. In the 
present experiments, the vertical stress is the major principal stress for which case the 
observed rupture plane is oriented in the plane of intermediate principal stress. From 
the values tabulated in Table 4.3, the shear bands formed in the specimens of heavily 
overconsolidated clay subjected to PS tests exhibited an average inclination, θ, with 
respect to the major principal axis equal to about 34.2°.  Average value of θ obtained 
from the TC tests approximated to about 29.4°.
4.4. Discussion of Results 
 A comprehensive experimental investigation was conducted to investigate the 
effects of loading condition and overconsolidation ratio on strength properties and 
localization phenomena in heavily overconsolidated clays. A biaxial compression 
apparatus has been developed for the purpose of conducting the plane strain tests, 
which has generated soil responses that are in accordance with generally observed 
behaviour. Experimental findings presented in this chapter show that the failure of 
specimens subjected to PS loading condition is characterized by distinct shear bands 
accompanied by softening in the stress response. The plane strain confinement in the 
biaxial device, where both the top and bottom end platens were restrained against 
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lateral movements and rotation, was found to be effective in making the shear band 
development two-dimensional having a shear plane in the σ2 direction. 
 Comparison of stress-strain relations from triaxial and plane strain tests on clay 
indicated that three-dimensional stress condition has a significant influence on the 
formation of shear bands and failure mechanism of the clay specimens. This will be 
explained further in following §4.4.2. But before that, observations and findings based 
on the biaxial tests conducted herein will first be discussed in the next section. 
4.4.1. Observations Based on PS Test Results  
The biaxial device has also allowed the accurate detection of shear band growth 
in test specimens. A new technique for measuring the lateral deformation of the 
specimen, using remote micro laser sensors, has enabled accurate detection of the 
onset point of non-uniform deformation, detected through the abrupt slope change in 
the lateral displacement-global axial strain curve. The laser measurement technique 
also enabled better assessment of the dilatant volume change behaviour of heavily 
overconsolidated clay. Additional measure for detecting the onset point O was 
obtained from the intermediate principal stress data recorded by the total stress cells. It 
is noteworthy that, as the OCR gets higher, the peak stress has a greater tendency to 
occur at, or right after, the onset of strain localization. Shear banding, detected through 
careful visual inspection of the imprinted grid on each specimen, first appeared right 
after the peak load (point P) was attained and rapidly became more and more intense 
while the strength was dropping from its peak value. A fully developed shear band 
became evident as soon as the strength reduction slowed down close to the residual 
value (point S). Vardoulakis (1980), Han and Drescher (1993), Viggiani et al. (1994), 
and Finno et al. (1997) performed similar biaxial tests in which the bottom end platen 
159
of their biaxial apparatuses was restrained against rotation but free to move laterally 
(as opposed to the present apparatus). The results reported by them revealed that the 
base plate or sled began to move laterally, well after the onset of localization. The first 
movement of the sled seemed to correspond to the moment when the band was 
completely formed and came out from the boundaries of the specimen. Thereafter, the 
deformation consisted of a near-rigid body sliding of the shear zone. The relative 
sliding between two structures, in the present investigation, was observed to take place 
right after point S, shown in the figures. 
From the present experimental investigation, certain similarities, as well as 
differences, were noticed between the results of the drained and undrained PS tests on 
heavily OC kaolin clay. In both cases, non-uniformities in the deformation process 
were observed before the peak load, maximum shear stress and maximum effective 
stress ratio were attained. It seemed that non-uniformities appeared earlier in the 
undrained tests than the drained tests (Table 4.3). For example, for a given OCR value 
of 16, the undrained PS test specimen exhibited non-uniform deformation at about 
5.0% axial strain, whereas for the drained PS test specimen, point O occurred at about 
6.2% axial strain. In both cases, the peak shear stress is apparently a consequence of 
the formation of a discontinuity in the form of a thin shear band. As the specimen 
becomes more dense (that is, as the OCR gets higher), shear bands are seen to initiate 
at slightly smaller axial strain (Table 4.3). This is reflected from the axial strain values 
of 6.6%, 6.2% and 5.4% corresponding to point O for drained PS tests with OCR equal 
to 10, 16 and 20, respectively. Similarly, point O occurs at 5.5%, 5.1% and 5.0% axial 
strains for undrained PS tests with OCR values of 4, 8 and 16, respectively. Reported 
evidence in available literature (Atkinson and Richardson, 1987; Viggiani et al., 1994), 
along with the pore pressure observations noted from Figure 4.46, suggests the 
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likeliness of development of excess pore pressure related to the development of shear 
band in the specimen. Rapid equalization and a consequent “kink” in the excess pore 
pressure response (Figure 4.46) in the drained PS tests is most likely associated with an 
increase of permeability along the band as it is completely formed. This is reflected in 
Figure 4.48, which shows the water content variation within a failed specimen for all 
the tests. Large strains are concentrated in these intense shear zones, which tend to 
draw in water and dilate. In an undrained test performed on such heavily OC clay, any 
small flow of water to these shear zones, from the neighboring soil, has the 
consequence that the test is no longer strictly undrained, locally. Consequently, there is 
a reduction in the apparent undrained strength due to local drainage. In the drained 
tests, once part of the specimen had dilated, due to shear banding, the soil within the 
dilated region became less stiff than the surrounding soil. Further straining took place 
primarily in this softer, and thus weaker soil, which continued to dilate until it reached 
the residual state. Evidently, the water content in the shear band was significantly 
higher than the overall moisture content of the failed specimen in both drained and 
undrained tests, that is, maximum dilatancy occurred in the localized shear zone.
It should be noted with care that for the PS tests, where peak strength was a 
consequence of shear band formation, the residual strength state should be regarded as 
an ultimate state rather than a critical state which is attained by a test specimen 
experiencing smooth peak failure. 
4.4.2. Comparison of Macroscopic Stress-stain Behaviour in Various Shear 
Modes 
The shear behaviour response of the tested clay is represented in terms of the 
mobilized friction angle, φ´m, as depicted in Figures 4.49 to 4.51 for the PS, TC and TE 
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tests, respectively. The mobilized friction angle, φ´m, is computed from the following 
equation: 
( ) ( )[ ]3131 /arcsin σσσσφ +−=′m     (4.1) 
where, σ1 and σ3 are the major and minor principal stresses, respectively. Figures 
4.49(a), 4.50(a) and 4.51(a) are plots of the mobilized friction angle against the global 
axial strain, for the six (drained and undrained) PS tests, four TC tests and four TE 
tests, respectively. Deviatoric stress (J) and mean normal stress (p'), corresponding to 
the “peak” point, and ultimate condition, of the previously shown stress-strain curves 
are plotted for the six PS, four TC, and four TE, tests in Figures 4.49(b), 4.50(b) and 
4.51(b), respectively, which is similar to the shear stress versus normal stress diagram 
for the three DS tests shown earlier in Figure 4.26. The failure lines for drained and 
undrained tests in these plots may not be the same, particularly when the OCR of the 
soil is different. Furthermore, the failure line may not be straight. Although an average 
straight line denoting the peak envelop for all modes of shear showed significant 
scatter in experimental data points, a straight line assumption of the Hvorslev failure 
surface under all shear modes may suffice as a first order approximation. A pair of 
straight lines may be drawn to pass through all the peak points and all the 
ultimate/residual points shown in the J: p' diagram for each set (PS, TC and TE) of 
tests. The slopes of these two lines denote the peak and residual/critical state values of 
the friction angle. 
 From the test results shown in Figure 4.49, average values of φ´peak = 
36.7º and φ´cs = 21.9º may be deduced for the tested clay under plane strain condition. 
Similarly, from Figure 4.50, average values of φ´peak = 35.3º and φ´cs = 21.8º may be 
deduced for the test clay under triaxial compression condition and the same for triaxial 
extension condition, are obtained as φ´peak = 28.0º and φ´cs = 20.9º (Figure 4.51). As 
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mentioned earlier, the shear strength envelopes obtained from the three direct shear 
(DS) tests (Figure 4.26), result in a peak value of φpeak′ = 36.9° and a critical state 
value φcs′=21.5°, which are in close agreement with those obtained from the foregoing 
plane strain and triaxial tests. 
Another similar diagram is generated as Figure 4.52, where the “peak” and 
“ultimate” points of all the fourteen tests conducted herein, are plotted. In this figure, 
the deviatoric and mean normal stresses for all test results have been normalized by the 
pre-consolidation pressure, pc' (=1400 kPa) of the tested clay sample. The average line 
joining all the peak points, and that passing through the ultimate points, of the 
normalized stress plots in all tests represent the “maximum” and “residual” strength 
envelop, respectively, of the tested clay. Based on the above information, a “Hvorslev” 
failure surface and a “critical state line” are established for the tested clay. The slope of 
the Hvorslev surface, mH, is found to be about 0.34 and the slope of the critical state 
line (CSL), MJ, in the J: p' plane is obtained as 0.43. The results in Figure 4.52 show 
that there is less scatter in critical state line, and more scatter in peak envelope. As can 
be seen in Figures 4.49, 4.50, and 4.51, peak envelope in a given shear mode can be 
approximated as a straight line. The peak envelope in all shear modes may not be 
approximated as a straight line. However, as a first order approximation peak envelope 
was assumed to be straight in all the shear modes. 
To compare the behaviour of shear and volumetric responses under various 
loading conditions, a PS, TC and TE test, corresponding to the same OCR value, are 
chosen for the purpose. Figures 4.53 and 4.54 depict experimental results from three 
drained and undrained compression tests (with OCR equal to 16), respectively, 
conducted under TC, TE and PS conditions. Results in Figure 4.53(a), show that the 
slope of PS compression test stress path in p': J plane is about 1.24, which is less than 
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that of triaxial test stress path (1.73). From the same starting point of initial isotropic 
consolidation, the TC test would traverse a shorter path to reach the yield surface as 
compared to the PS test, resulting in slightly higher peak strength and consequently, 
higher volumetric strain in drained PS tests. 
In (b) and (c) of Figures 4.53 and 4.54, the mobilized friction angle and stress 
ratio are plotted against global axial strain, for the three different shear tests conducted 
under drained and undrained conditions, respectively. Moreover, main features of the 
PS, TC and TE tests are summarized in Table 4.5. The value of b increases from zero 
for TC tests, to about 0.25 for PS tests, to a maximum value of 1 for the TE tests. It is 
noted from (b) and (c) of Figures 4.53 and 4.54 and Table 4.5, that as b increases from 
0 to 1, the stress-strain behaviour becomes increasingly stiff and the strain to failure 
decreases. The PS specimens showed higher peak strength value followed by severe 
softening. Maximum degree of softening is observed for the PS tests (2.25 to 2.42), 
followed by the TC (2.17 to 2.22) and TE (1.04 to 1.40) tests. This is more prominent 
in the case of the drained compression tests as presented in Table 4.5(a). Alshibli et al. 
(2003) reported similar findings in his paper. Lee (1970) performed a series of drained 
and undrained PS and TC tests on saturated sand and showed that PS specimens reach 
higher values of maximum stress ratio than do TC specimens, and the difference 
decreases as void ratio increases. Moreover, PS specimens fail at smaller axial strain 
with a severe softening compared to TC specimens. This is also noticeable from Table 
4.5.
Figure 4.53(d) shows a comparison between volumetric strain versus axial 
strain of the drained TC, PS and TE tests with OCR equal to 16. Both PS and TC 
specimens show quite similar initial compressive volume change up to about 2% axial 
strain whereupon the PS specimen undergoes further volume compression until peak 
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load is attained whereas the TC specimen exhibits expansive volumetric strain. Mita et 
al. (2004) explained that for shear tests starting from the same point of initial isotropic 
consolidation, peak strength is higher in drained PS tests as compared to the TC tests. 
Therefore, the PS test specimen is likely to undergo higher compressive volumetric 
strains compared to the TC test specimen which is evident in Figure 4.53(d). The 
softening in the shear stress response is accompanied by a sudden volume increase for 
the case of the PS specimen which is similar to the sudden strength reduction observed 
in the stress-strain diagram. The slip mechanism that triggers at the onset of shear band 
formation for PS specimens is most likely the reason for such sudden increase in 
volume. The figure also indicates that PS specimen show a smaller dilation rate as 
compared to the TC specimen. 
Similar contractant and dilatant behaviour is reflected in the pore pressure 
response of the undrained compression tests showed in Figure 4.54(d). It may be noted 
from this figure that the peak excess pore pressure increases with increasing b values. 
For example, peak excess pore pressures of about 33, 48, and 72 kPa were observed 
for the TC, PS and TE tests with b values corresponding to 0, 0.25 and 1.0, 
respectively. Similar observations were reported for undrained true triaxial tests 
conducted on cubical specimens of overconsolidated kaolin clay by Prashant and 
Penumadu (2004). In addition, the small strain stiffness of the tested clay seemed to 
increase with increasing b values in the undrained tests. 
The loading condition or test configuration also seems to affect the undrained 
shear strength, su, given by: 
fu qs 2
1
= ,    (4.2) 
where qf is the deviator stress in triaxial stress space, at some state which is recognized 
as failure. From the different types of tests performed on the same clay specimen, it 
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has been found that the value of su can vary significantly. For example, su = 140 kPa, 
185 kPa and 95 kPa have been obtained for tests PS_U16, TC_U16 and TE_U16 
respectively, where the failure condition is identified as the peak shear stress, at which 
strain localization occurs. The specimens in the three tests had the same 
overconsolidation ratio of about 16 and practically the same water content of about 
0.44.
  
4.4.3. Comparison of Shear Band Characteristics in Various Shear Modes 
A comparison of the triaxial and plane strain results appears to indicate that the 
loading configuration would influence the formation of shear bands in 
overconsolidated clays. The triaxial compression test seems to be the most resistant to 
shear banding, whereas the plane strain test manifests shear banding most readily as 
well as at an earlier stage of strain development. The triaxial extension test seems to 
fall between these two extremes, in terms of the potential for developing shear 
banding. Indeed, Peters et al. (1988) performed a laboratory investigation of Santa 
Monica beach sand under triaxial compression and extension, as well as plane strain 
compression, and also reported that shear bands were initiated more readily under 
plane strain than the axially-symmetric conditions of triaxial testing. Hence, shear band 
formation is highly influenced by the loading configuration or boundary conditions. 
The present experimental findings indicated that shear banding occurred in the 
hardening regime of the stress-strain relationship for the tested clay under plane strain 
conditions. From Table 4.3, it is clear that for the drained and undrained PS tests 
PS_D16 and PS_U16, shear banding initiated at about 6.2% and 5.0% axial strain, 
respectively whereas the peak stress for the same tests occurred around 6.9% and 5.5% 
axial strain, respectively. Similar observation is noted for the remaining PS tests as 
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well. On the other hand, shear banding in triaxial compression and extension appeared 
to be a post-peak phenomenon. This is also evident from Table 4.3. For example, in 
case of the drained and undrained TC tests, TC_D16 and TC_U16, peak shear stresses 
occurred first at about 4.7% and 11.2% axial strains followed by shear banding 
observed around 5.5% and 11.7% axial strains, respectively. Similarly, for the drained 
and undrained TE tests, TE_D16 and TE_U16, peak shear stresses occurred first at 
about 3.9% and 5.5% axial strains followed by shear banding observed around 4.7% 
and 7.2% axial strains, respectively. 
 It may be further noticed from Figure 4.53 and 4.54, that for the PS tests, 
strengths drop suddenly at points on the stress-strain curves, where the slopes of the 
curves are positive, indicating that the specimens are apparently still being loaded. The 
peak points in the PS tests appear to represent points of instability occurring before 
smooth peak failure (continuum response without any strain localization) points can be 
obtained. Strength reduction took place very fast over a small range of axial strain 
(indicated by the almost vertical line in the post-peak region) which was observed to 
be less than or equal to about 0.7% post-peak strain. Visible shear bands were detected 
when the strengths were dropping at the highest rates. In the case of TC and TE tests, a 
much flatter peak was observed over a relatively large range of strains and visible 
shear banding were observed in the post-peak region only after significant strain had 
taken place. This indicates that shear banding occurred after homogeneous smooth 
peak failure takes place in the specimen. In other words, failure, in the triaxial tests, is 
not a result of shear banding but represents a continuum response. Visible shear 
banding in the triaxial specimens corresponded with the breaks in their stress-strain 
and volume change curve near the residual stress state. This type of observation is 
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consistent with the results reported by Wang and Lade (2001) who studied the 
influence of 3D stress conditions on shear banding for a wide range of b values. 
Inspection of all failed specimens in the PS, TC and TE tests revealed that 
failure of the PS specimen always occurred along a single well-defined shear plane in 
the σ2 direction. The triaxial specimens mostly exhibited either a localized shear plane 
or bulging diffuse failure modes. The TE specimens exhibited severe necking shortly 
after the peak load was attained. 
4.4.4 Final Remarks  
The formation of shear bands in heavily overconsolidated soil makes it difficult 
to define and interpret the test data, especially in the case of undrained tests. The 
different pore pressure response, close to the shear band, establishes a hydraulic 
gradient within the specimen resulting in non-uniform pore water pressures during the 
test. As pointed out by Viggiani et al. (1994), the  undrained tests on such stiff clays is, 
in reality, a partially drained tests where the effects of the generation of excess pore 
pressures at the shear band are masked to a greater extent than in a globally undrained 
test. The reason behind this is the greater amount of pore pressure equalization which 
occurs in the drained tests due to the smaller rate of imposed deformation and the 
drained boundaries. In this regard, drained PS tests may be preferred than undrained 
tests in the study of shear band formation and its characteristics. 
Due to severe strain localization in heavily OC clay specimens subjected to 
shear testing, constitutive behaviour can only be extracted from the results based on 
globally derived response in the pre-localization regime. 
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4.5. Summary 
The findings, based on the test results, may be summarized as follows: 
(i) The new biaxial device gives consistent results that are in accordance 
with generally observed soil behaviour. Moreover, the plane strain 
confinement in the biaxial device has been found to be effective in 
producing two-dimensional shear bands, thereby enabling its detailed 
observation and investigation. 
(ii) From the same starting point, global stress-strain behaviour, in terms of 
shear and volumetric response, is different in various shear modes. 
(iii) The loading configuration plays an extremely important role in the 
failure mechanism of the tested specimens. In triaxial tests, shear 
banding occurs after homogeneous peak failure takes place in the 
specimen. Whereas, in plane strain tests, shear banding initiates in the 
hardening regime that is, before peak, and failure is considered to be a 
consequence of shear banding rather than a continuum response. 
(iv) Initiation of shear banding tends to take place earlier in undrained than 
drained PS tests. 
(v) Degree of softening, or strength reduction is higher in drained than 
undrained tests. 
(vi) There exists a “Hvorslev” surface which defines the maximum or peak 
strength of the heavily OC clay. The peak failure envelop or Hvorslev 
surface for the tested clay may be better approximated by a straight line 
for any particular mode of shear. However, the straight line 
approximation of this peak envelop in all shear modes may not be that 
accurate. 
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(vii) The critical state friction angle for the tested clay is found to remain 
fairly constant for all modes of shearing. 
With the above information, it is now possible to formulate a three-dimensional 
soil model which has modified Cam clay (MCC) features in the subcritical region and 
Hvorslev surface in the supercritical region for predicting soil behaviour of heavily OC 
clays subjected to general loading conditions. The following Chapter 5 presents the 
development of the Hvorslev-MCC model. 
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Table 4.1: Moisture content variation in failed test specimens 
Type of test 
& test name 
Global moisture content at 
failure % 
Moisture content within 
shear band at failure % 
Drained PS: PS_D10 42.8 44.4 
Drained PS: PS_D16 44.1 46.2 
Drained PS: PS_D20 44.4 46.3 
Undrained PS: PS_U04 39.4 40.8 
Undrained PS: PS_U08 41.5 42.9 
Undrained PS: PS_U16 43.9 45.3 
Drained TC: TC_D16 46.5 48.4 
Drained TC: TC_D20 46.9 48.3 
Undrained TC: TC_U16 44.2 45.7 
Undrained TC: TC_U20 47.5 51.0 
Drained TE: TE_D16 47.0 54.7 
Drained TE: TE_D20 47.8 56.8 
Undrained TE: TE_U16 43.7 48.3 
Undrained TE: TE_U20 48.8 55.1 
Drained DS: DS_D10 47.0 51.9 
Drained DS: DS_D16 48.7 58.1 
Drained DS: DS_D20 48.2 55.6 
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Table 4.2: Summary of experimental results 
Test 
No. Test name Test type OCR p′initial Jinitial winitial p′peak Jpeak φ′peak
Axial strain 
to peak p′critical Jcritical φ′critical
‘b’ 
value 
   kPa kPa % kPa kPa º % kPa kPa º  
1 PS_D10 Drained Plane Strain 10 140.0 0 40.82 251 154 36.0 7.3 188 76 22.0 0.25 
2 PS_D16 Drained Plane Strain 16 87.5 0 42.20 172 121 40.0 6.8 112 49 22.9 0.25 
3 PS_D20 Drained Plane Strain 20 70.0 0 42.40 138 90 36.5 6.0 98 39 21.0 0.23 
4 PS_U04 Undrained Plane Strain 4 375.0 0 38.40 353 179 28.0 6.0 330 122 21.0 0.28 
5 PS_U08 Undrained Plane Strain 8 187.5 0 40.20 185 127 38.0 5.7 174 75 23.0 0.28 
6 PS_U16 Undrained Plane Strain 16 87.5 0 42.36 106 78 37.0 5.4 110 59 23.0 0.29 
7 TC_D16 Drained Triaxial Compression 16 87.5 0 41.22 157 120 32.8 4.7 121 57 21.3 0 
8 TC_D20 Drained Triaxial Compression 20 70.0 0 42.05 146 114 33.6 8.1 109 51 20.9 0 
9 TC_U16 Undrained Triaxial Compression 16 87.5 0 42.04 138 107 33.8 11.2 125 48 20.6 0 
10 TC_U20 Undrained Triaxial Compression 20 70.0 0 42.45 91 77 35.8 8.0 101 50 21.5 0 
11 TE_D16 Drained Triaxial Extension 16 87.5 0 41.64 76 44 28.0 3.9 63 36 21.9 1 
12 TE_D20 Drained Triaxial Extension 20 70.0 0 42.24 54 22 23.0 2.1 52 21 23.0 1 
13 TE_U16 Undrained Triaxial Extension 16 87.5 0 41.63 123 52 21.0 5.5 125 48 21.0 1 
14 TE_U20 Undrained Triaxial Extension 20 70.0 0 41.83 113 44 21.2 2.3 120 43 20.0 1 
15 DS_D10 Drained Direct Shear 10 87.5 0 45.00  - 96 36.9 - - 50 21.5 - 
16 DS_D16 Drained Direct Shear 16 87.5 0 47.00  - 67 36.9 - - 36 21.5 - 
17 DS_D20 Drained Direct Shear 20 70.0 0 47.50  - 59 36.9 - - 20 21.5 - 
172





































1 PS_D10 Drained PS 10 6.6 7.3 7.3 7.9 32.3 0.25 
2 PS_D16 Drained PS 16 6.2 6.8 6.9 7.6 38.8 0.25 
3 PS_D20 Drained PS 20 5.4 5.9 6.0 6.7 33.8 0.23 
4 PS_U04 Undrained PS 4 5.5 5.2 5.5 6.6 36.2 0.28 
5 PS_U08 Undrained PS 8 5.1 5.3 5.6 6.4 31.7 0.28 
6 PS_U16 Undrained PS 16 5.0 5.2 5.5 6.1 32.5 0.29 
7 TC_D16 Drained TC 16 5.5 4.5 4.7 8.0 29.3 0 
8 TC_D20 Drained TC 20 8.8 8.1 8.1 11.0                   30.8 0 
9 TC_U16 Undrained TC 16 11.7 8.3 11.2 14.7 29.5 0 
10 TC_U20 Undrained TC 20 9.3 6.2 8.0 14.3 28.1 0 
11 TE_D16 Drained TE 16 4.7 3.9 3.9 6.2 necking 1 
12 TE_D20 Drained TE 20 3.3 2.1 2.1 4.3 necking 1 
13 TE_U16 Undrained TE 16 7.2 5.5 5.5 8.2 necking 1
14 TE_U20 Undrained TE 20 - 2.3 2.3 - necking 1 
Table 4.4: Detection of pints “O”, “P” and “S” by different methods  
Detection of vertical strains (%) by: 
Laser sensors Total stress cells 
Name of 
test 
point O point P point S point O point P point S 
PS_D10 6.6 7.3 7.9 5.4 6.0 7.8 
PS_D16 6.2 6.8 7.6 6.0 6.8 7.7 
PS_D20 5.4 5.9 6.0 5.1 5.8 6.0 
PS_U16 5.0 5.2 6.1 4.2 4.4 5.2 
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Table 4.5: Comparison of compression tests conducted under different modes of 
        shearing 
(a) Drained compression tests 
(b) Undrained compression tests 

















16 Plane strain 0.29 38.0 5.2 1.49 
16 Triaxial compression 0 36.0 8.3 2.09 
16 Triaxial extension 1 21.2 5.5 1.12 
20 Plane strain - - - - 
20 Triaxial compression 0 36.7 6.2 1.55 
20 Triaxial extension 1 21.0 2.3 1.0 

















16 Plane strain 0.25 40.0 6.8 2.42 
16 Triaxial compression 0 33.0 4.5 2.17 
16 Triaxial extension 1 27.0 3.9 1.40 
20 Plane strain 0.23 36.5 5.9 2.25 
20 Triaxial compression 0 34.0 8.1 2.22 
20 Triaxial extension 1 22.5 2.1 1.04 
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Figure 4.1. Stress paths during drained plane strain (PS) tests 
Figure 4.2. Drained PS tests: shear stress vs. axial strain 
Figure 4.3. Drained PS tests: stress ratio vs. axial strain 
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(a) Drained test PS_D10 
 (b) Drained test PS_D16 
(c) Drained test PS_D20 
Figure 4.4. Drained PS tests: volumetric strain vs. axial strain 
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Figure 4.5. Stress paths during undrained plane strain (PS) tests 
Figure 4.6. Undrained PS tests: shear stress vs. axial strain 
Figure 4.7. Undrained PS tests: stress ratio vs. axial strain 
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Figure 4.8. Undrained PS tests: excess pore pressure vs. axial strain 
Figure 4.9. Stress paths in drained triaxial compression (TC) tests 
Figure 4.10. Stress paths in undrained triaxial compression (TC) tests 
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Figure 4.11. Drained TC tests: shear stress vs. axial strain 
Figure 4.12. Drained TC tests: stress ratio vs. axial strain 
Figure 4.13. Drained TC tests: volumetric strain vs. axial strain 
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Figure 4.14. Undrained TC tests: shear stress vs. axial strain 
Figure 4.15. Undrained TC tests: stress ratio vs. axial strain 
Figure 4.16. Undrained TC tests: excess pore pressure vs. axial strain 
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Figure 4.17. Stress paths in drained triaxial extension (TE) tests 
Figure 4.18. Stress paths in undrained triaxial extension (TE) tests 
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Figure 4.19. Drained TE tests: shear stress vs. axial strain 
Figure 4.20. Drained TE tests: stress ratio vs. axial strain 
Figure 4.21. Drained TE tests: volumetric strains vs. axial strain 
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Figure 4.22. Undrained TE tests: shear stress vs. axial strain 
Figure 4.23. Undrained TE tests: stress ratio vs. axial strain 
Figure 4.24. Undrained TE tests: excess pore pressure vs. axial strain 
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(a) Shear stress 
(b) Volumetric strain 
Figure 4.25. Drained direct shear (DS) test results 
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Figure 4.26. Failure envelopes for heavily OC clay from drained DS tests 
   
               
Stage 1: uniform deformation (diffuse strain mode) 
Stage 2: start of non-uniform deformation (onset of localization before peak stress, visible  signs 
of shear band around peak stress) 
Stage 3: full growth of shear band across specimen and onset of sliding (localized strain mode) 
Stage 4: block-on-block slippage with relative sliding (localized strain mode) 
Figure 4.27. Different stages observed during shearing of test specimen































































































































Figure 4.45. Characteristic curves for detecting shear banding in test PS_U04 
203
Figure 4.46. Excess pore pressure generated during drained shear 
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Figure 4.47. Volumetric strains observed during undrained shear 












































































% global average water content % water content within shear band
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(a)Mobilized friction angle versus axial strain 
(b)Deviatoric stress versus mean normal stress 
Figure 4.49. Mobilized friction angle in drained and undrained PS tests 
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(a)Mobilized friction angle versus axial strain 
(b)Deviatoric stress versus mean normal stress 
Figure 4.50. Mobilized friction angle in drained and undrained TC tests 
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(a)Mobilized friction angle versus axial strain 
(b)Deviatoric stress versus mean normal stress 
Figure 4.51. Mobilized friction angle in drained and undrained TE tests 
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Figure 4.52. Normalized stress plot and failure lines for the tested clay 
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  (a)           (b) 
  (c)             (d) 
Figure 4.53. Comparison of drained TC, TE and PS tests 
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  (a)           (b) 
  (c)            (d) 
Figure 4.54. Comparison of undrained TC, TE and PS tests 
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5. FORMULATION OF HVORSLEV-MODIFIED CAM CLAY 
MODEL IN THREE-DIMENSIONAL STRESS SYSTEM 
5.1. Introduction 
In the initial application of plasticity theory to soils, and subsequent 
development, the finite element method has proven to be a versatile tool for the 
numerical analysis of geotechnical structures. It may be used to solve various 
problems, including those involving stresses and displacements, steady seepage, 
consolidation and dynamics. The capacity of such an approach to accurately reflect the 
field conditions depends, essentially, on two factors: (i) the ability of the constitutive 
model to represent real soil behaviour; and (ii) the correctness of the boundary 
conditions imposed upon it. It has been considered, in the previous chapter, that due to 
the complexity of real soil behaviour, no single constitutive model can describe all the 
facets of soil behaviour, with a reasonable number of input parameters. Consequently, 
there are a variety of models available presently, each having their own merits and 
demerits. 
The Cam clay models have proved to be useful in the numerical analysis of 
boundary value problems requiring realistic soil models. They are relatively simple, 
require a few input parameters and yet appear to be sufficiently accurate for a wide 
range of applications. The modified Cam clay (MCC) model, one of the earliest, is still 
the most widely used critical state (CS) formulation in computational applications. It 
has been found that this model can satisfactorily predict the behaviour of normally to 
lightly over-consolidated clays that lie in the subcritical region. Its prediction of the 
stress-strain behaviour of heavily overconsolidated clays in the super-critical region, 
however, is not appropriate, as the corresponding yield curves highly overestimate 
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failure stresses in this region. On the other hand, Hvorslev (1937) showed, 
experimentally, that a straight line approximates, satisfactorily, the failure envelope of 
overconsolidated soils. Parry (1960) reported the drained and undrained triaxial 
compression and extension test results on Weald and London clay. He showed that the 
peak strength of the heavily overconsolidated clay specimens actually fell on the 
Hvorslev surface, rather than the MCC yield surface. Sharma (1994) analyzed 
centrifuge tests of embankments on stiff clay, using the Cam clay model with a 
Hvorslev surface, and concluded that the predictions, using Hvorslev’s surface in the 
supercritical region, compared well with the observations. It would, therefore, be more 
appropriate to adopt a straight line as the yield surface in the supercritical region. 
In the recent past, the introduction of a Hvorslev surface, or some similar 
means of improving strength predictions at high overconsolidation ratios, has been 
attempted by a few researchers (Sandler and Baron, 1976; Houlsby et al., 1982). These 
attempts were formulated for the special circumstances of axial symmetry and fixed 
principal axes that apply to conventional triaxial tests. Houlsby et al. (1982) modelled 
the soil as elastic, perfectly plastic, whereas real soils exhibit strain-softening 
behaviour in the supercritical region. The generalized three-dimensional formulation of 
Cam clay models has been the subject of various publications, but only in limited form 
(Zdravkovic, 2000). The present research sets out the formulation of a Hvorslev-
Modified Cam clay (Hvorslev-MCC) model with elastic, strain hardening/softening 
plastic behaviour, in three dimensional stress space. In the model, the Hvorslev surface 
replaces the elliptical yield surface of the modified Cam clay model, in the 
supercritical region. 
The generalization of the Hvorslev-MCC model, to the full stress space, may 
be achieved by assuming an arbitrary shape for the yield and plastic potential surfaces, 
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in the deviatoric plane. It has been a common practice to generalize models by 
assuming a constant critical state stress ratio, MJ (= J/p´), resulting in a circular shape 
of the yield locus in the octahedral plane. The assumption of a constant MJ implies that 
the critical state angle of internal friction, ϕcs, is a variable quantity. Britto and Gunn 
(1987) have implemented such critical state models into a finite element program, 
CRISP. However, the assumption of a circular shape for the yield and failure loci, in 
the deviatoric plane, does not represent real soil behaviour. Such models, assuming a 
constant value of MJ, predict the same strength of soil, in all shearing modes. Ohta et 
al. (1985), Kulhawy and Mayne (1990), Hight (1998), and others, have demonstrated 
that the strength of soils actually varies in different shearing modes. Dasari (1996) 
analyzed centrifuge tunnel tests using constant MJ, as well as variable MJ, and inferred 
that predictions using variable MJ agreed better with actual observations. It would, 
therefore, be more appropriate to assume a variable critical state stress ratio in the 
formulation of an elastic-plastic model in general stress space. 
There is, however, limited experimental evidence, in regard to the variation of 
MJ as a function of Lode’s angle, θ (Figure 5.7). Cornforth (1964) measured angles of 
friction of brasted sand, and found that its value at the critical state (ϕcs), for the plane 
strain condition, was only slightly higher than for triaxial condition. Green (1971) 
showed, in a plane strain testing of Houston sand, that ϕcs was about 2° higher than its 
corresponding value in the triaxial test. Gens (1982) showed that the critical state 
friction angle for clays is the same, under conditions of plane strain, triaxial 
compression and triaxial extension. A similar observation was reported by Bolton 
(1986). Vaid and Sashitharan (1992) carried out tests on Erksak sand, and reported that 
the value of the critical state stress ratio in triaxial compression and extension was 
different. Results from all the PS, TC and TE tests conducted on heavily OC kaolin 
214
clay in the present study indicated a constant value of the critical state friction angle. 
Therefore, in the generalization of the Hvorslev-MCC model, from a triaxial to 3D 
representation, herein, the yield surfaces adopted will assume a constant ϕcs, rather 
than a constant MJ, in the deviatoric plane. 
In foregoing §2.3.1, the assumptions of the basic Cam clay models were set 
down. It was shown that both the original and modified Cam clay models were 
formulated two-dimensionally, in the triaxial plane, in terms of q (= ′−′ 31 σσ ) and p′. 
The three-dimensional formulation of the models, in triaxial stress space, was 
effectively achieved by replacing “q” by “J”, where J is the deviatoric stress expressed 
in terms of the three major principal effective stresses as defined in subsequent §5.2.2. 
In the following formulation of §5.2, the modified Cam clay (MCC) model will first be 
presented in triaxial stress space. An extension of this formulation to general stress 
space will then be derrived, in subsequent §5.3. Although these are available in the 
published literature (Potts and Zdravkovic, 1999), they will be summarized herein, in 
order to maintain continuity and clarity in the development of the Hvorslev-MCC 
model for general loading conditions, as dealt with in subsequent §5.4. In §5.5, it will 
be explained how the resulting model may be implemented into the finite element 
software package, ABAQUS. A trial problem will be chosen and analyzed using 
ABAQUS, in order to demonstrate the implementation of the Hvorslev-MCC model, 
which is in terms of user-specified constitutive material behaviour. Finally, the 
computational applications to geotechnical boundary value problems, of the proposed 
model, will be considered in §5.6. 
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5.2. Modified Cam Clay (MCC) Model in Triaxial Stress Space 
As mentioned in foregoing §2.3 of Chapter 2, the virgin consolidation and 
swelling lines (Figure 5.1) are assumed to be straight in the v-lnp′ plane, and are given 
by following equations, where v and p′ are the specific volume and effective mean 
normal stress, respectively: 
)(ln pNv ′−= λ    (virgin consolidation line),   (5.1a) 
and 
)(ln pvv s ′−= κ    (swelling line).    (5.1b) 
The parameters, λ, κ and N, are material properties for the particular clay being 
considered, whereas the value of vs would be different for each swelling line. 
Irreversible plastic volume changes take place along the virgin consolidation line, 
while reversible elastic volume changes occur along the swelling lines. 
For the MCC model, only isotropic hardening/softening behaviour is assumed, 
hence the general equation for the yield surface, defined earlier by equation (2.1), 

























σ      (5.2) 
in which, p′ is the mean effective stress, J the deviatoric stress, MJ the critical state 
stress ratio (which is another material parameter), and p0′ the value of p′ at the 
intersection of the current swelling, with the virgin consolidation, line (Figure 5.2). 
The behaviour of the material under increasing triaxial shear stress, 
Jq 331 =′−′= σσ , is assumed to be elastic until q reaches its yield value, obtained by 
equation (5.2). Figure 5.2 shows how the yield function plots above each swelling line. 
The projection of the MCC-yield surface, on the J-p′ plane, plots as an ellipse as 
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shown in Figure 5.3. As each swelling line is associated with a yield surface, the size 
of which is controlled by the parameter p′0, the yield function given by equation (5.2) 
defines a surface in v-J-p′ space, called the stable state boundary surface (Figure 5.4). 
If the current stress state of the clay lies inside this surface, its behaviour is elastic, 
whereas if it lies on the surface, the clay behaves in an elastic-plastic manner. It is 
impossible for the clay to have a v-J-p′ state that lies outside this surface. 
The yield and plastic potential surfaces coincide, that is, the model is based on 
an associated flow rule. This implies that, when plastic deformation takes place, the 
plastic strain increment vector is taken to be normal to the yield curve. Consequently, 
the plastic potential function, P({σ′},{m}) = 0, takes the same form as that given by 
equation (5.2). Isotropic hardening/softening is assumed, and the corresponding flow 
rule is expressed in terms of a single hardening parameter, p0′, which is related to the 
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ε         (5.4) 










= .        (5.5) 
The elastic shear strain, Ed e, is usually computed from the elastic shear modulus, G, or 
the Poisson’s ratio, ν. The MCC model is, therefore, specified in terms of five material 
parameters, namely, N, λ, κ, MJ, and G or ν. 
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5.2.1. Formulation of the Elastic-plastic Constitutive Matrix 
In order to formulate an elastic-plastic constitutive model, there are four basic 
requirements to cater for, as follows: 
(i) Coincidence of axes
The principal directions of accumulated stress and incremental plastic strain 
must coincide. 
(ii) A yield function
The yield function, F, is defined as a scalar function of the stress (expressed in 
terms of either the stress components or invariants), and state parameters, {k}, that 
is, 
{ } { }( ) 0, =kF σ .       (5.6) 
This function separates the purely elastic, from elastic-plastic, behaviour. For 
isotropic hardening/softening, the size of the yield surface changes; if it gets larger, 
strain hardening occurs, if smaller, then it is strain softening. It is usually assumed 
that the shape of the yield surface remains, the same as it expands (or shrinks) about 
the origin. 
(iii) A plastic potential function
For multi-axial stress states, it is necessary to have a flow rule in order to 
specify the direction of plastic straining at any stress state, that is, 









∂Λ= , ,      (5.7) 
where, dεip represents the six components of incremental plastic strain, P is the 
plastic potential function, and Λ a scalar multiplier. The plastic potential function is 
of the form 
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{ } { }( ) 0, =mP σ ,        (5.8) 
where {m} is, essentially, a vector of the state parameters, the values of which are 
immaterial, because only the differentials of P, with respect to the stress 
components, are needed in the flow rule. 
The assumption of coincidence of axes allows the incremental plastic strains 
and accumulated principal stresses to be plotted on the same axes, as depicted in 
Figure 5.5. The outward vector normal to the plastic potential surface, at the 
current stress state, has components that provide the relative magnitudes of the 
plastic strain increment components, and the value of the scalar multiplier Λ
controls their magnitude. The multiplier, Λ, is dependent on the 
hardening/softening rule, which is considered next.
(iv) The hardening/softening rules
For materials which harden and/or soften, during plastic straining, rules are 
required to specify how the yield function changes, and this is achieved by 
prescribing how the state parameters {k} vary with plastic straining {εp}. In 
practice, all the strain hardening/softening models assume a linear relationship 
between {k} and {εp} (Potts and Zdravkovic, 1999). 
Based on the foregoing four basic requirements, it would be possible to 
formulate the proposed elastic-plastic constitutive model. Accordingly, the relationship 
between incremental stresses, dσ, and strains, dε, may be stated in terms of the elastic-
plastic constitutive matrix, [Dep], as 
   { } [ ]{ }εσ dDd ep= .    (5.9) 
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The incremental total strains, {dε}, may be sub-divided into elastic, ({dεe}), and 
plastic, ({dεp}), components, that is, 
{ } { } { }pe ddd εεε += .    (5.10) 
The incremental stresses, {dσ}, are related to the incremental elastic strains, {dεe}, by 
the elastic constitutive matrix, [D], such that 
{ } [ ]{ }edDd εσ = .     (5.11) 
Hence, combining Equations (5.10) and (5.11) would result in 
{ } [ ]{ } { }( )pddDd εεσ −= .   (5.12) 
But {dεp} is defined by the flow rule of equation (5.7). Hence, substituting the 
corresponding expression for incremental plastic strain into equation (5.12), would 
lead to 












mPDdDd , .   (5.13) 
An expression for the scalar parameter, Λ, may be obtained as 
{ } { }( ) [ ]{ }







































,   (5.14) 
where 















     (5.15) 
and detailed steps for obtaining equations (5.14) and (5.15) may be found in the 
published literature (Potts and Zdravkovic, 1999). Next, by substituting the value of Λ, 
from equation (5.14), into equation (5.13), and then comparing it with equation (5.9), 
the elastic-plastic constitutive matrix, [Dep], may be deduced as 
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[ ] [ ]
[ ] { } { }( ) { } { }( ) [ ]

















































.  (5.16) 
The form of A would depend on the type of plasticity. For perfect plasticity, A
= 0. For strain hardening/softening plasticity, the state parameters, {k}, would be 
related to the accumulated plastic strains, {εp}. Consequently, equation (5.15) may be 
written as 





















    (5.17) 
As mentioned earlier, the relationship between {k} and {εp} may be assumed to be 







a constant (that is,. independent of {εp}).   (5.18) 
Thus, substitution of the above term into equation (5.17), along with the flow rule 
given by equation (5.7), would cancel out the unknown scalar, Λ, and thus enable A to 
be determined. 
Hence, knowing the elastic constitutive matrix given in §5.2.4, the 
hardening/softening parameter specified in §5.2.5, and the partial derivatives of the 
yield and plastic potential function presented in §5.2.3, the elastic-plastic constitutive 
matrix may be formulated, according to equation (5.16). The set of stress and strain 
parameters used in the critical state model formulation will next be discussed. 
5.2.2. Stress and Strain Invariants 
In geotechnical engineering, it is often desirable to work in terms of stress 
invariants, which are combinations of the principal effective stresses. These invariants 
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should be independent of the physical properties of the soil. A suitable choice would 
be as follows: 

































= σσσσσσJ ; (5.20) 














































θ . (5.21) 
The geometric meaning of these three invariants is depicted in Figure 5.6 (Potts 
and Zdravkovic, 1999). In principal effective stress space, the value of p′ is a measure 
of the distance along the space diagonal (σ1′=σ2′=σ3′), of the current deviatoric plane 
from the origin. The deviatoric plane is perpendicular to the space diagonal. In the 
deviatoric plane, the value of J provides a measure of the distance of the current stress-
state from the space diagonal. The magnitude of θ defines the orientation of the stress-
state within this plane.  
As an element of soil deforms under load, the work done by the external 
loading is invariant that is, the magnitude of the work is independent of the choice of 
reference axes. In addition, when corresponding stress and strain invariants are 
multiplied together, the sum of the products equals the work done by the external 
loading. The proper choice of strain invariants depends on these criteria. In other 
words, the incremental work ∆W = {σ′}T{∆ε} = p′∆εv+J∆Ed, where ∆εv and ∆Ed are 
the appropriate invariants of incremental strains corresponding p′ and J. These strain 
invariants may be defined, in terms of the principal strains, by the following equations: 
incremental volumetric strain  321 εεεε ∆+∆+∆=∆ v ;  (5.22) 
222
and incremental deviatoric strain       
( ) ( ) ( )2132322216
2
εεεεεε ∆−∆+∆−∆+∆−∆=∆ dE .  (5.23) 
Although alternative definitions for stress and strain invariants may be, and are, 
used, the ones stated above are the most convenient to use in geotechnical engineering 
applications, as they cater to a generalized stress/strain space. 
5.2.3. Derivatives of Yield and Plastic Potential Functions 
From preceding equation (5.16), it may be noted that the specification of the 
elastic-plastic constitutive matrix, [Dep], requires the determination of the elastic 
constitutive matrix [D], the partial derivatives of the yield and plastic potential 
functions, ∂F({σ′},{k})/∂σ′ and ∂P({σ′},{m})/∂σ′, and the hardening/softening 
parameter, A. 
The partial derivatives of F({σ′},{k}) and P({σ′},{m}), for modified Cam clay, 
may be evaluated using the chain rule, as follows: 
















































































































































































































































































∂ 000det 211332 σσσσσσσ
         (5.31)
The partial derivatives of the yield function, F({σ′},{k}) = 0, and plastic 
potential, P({σ′},{m}) = 0, with respect to p′, J and θ, are identical because of the 
assumption of associative plasticity, and are given by: 























,   (5.32) 
















    (5.33) 
and 










.     (5.34) 
As mentioned in foregoing §5.1, in the generalization of the MCC model from triaxial 
to three-dimensional stress space (Potts and Zdravkovic, 1999), a circular shape has 
been assumed for the yield and plastic potential functions, in the deviatoric plane. This 
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implies a constant MJ which is therefore independent of θ, and consequently, the 
partial derivative of the yield and plastic potential functions, with respect to θ, would 
be zero. 
5.2.4. Elastic Constitutive Matrix [D] 
For linear, isotropic materials, the elastic constitutive matrix may be expressed 
as a relationship between the incremental effective stresses, {dσ′}, and strains, {dε}, in 
























































































































































For geotechnical purposes, it is often more convenient to characterize soil behaviour in 
terms of the elastic shear modulus, G, and effective bulk modulus, K′. This is mainly 
due to the fact that, soil behaves quite differently under changing mean normal, and 
deviatoric, stress. Furthermore, changes in p´ do not cause distortion, and those in J do 
not cause any volumetric strains. In other words, the two modes of deformation are 

















































































































































EK .     (5.37b) 
5.2.5. Hardening / Softening Parameter, A
In view of the fact that the hardening/softening rule is given in terms of a single 
hardening parameter, p0´, and foregoing equation (5.15), the hardening parameter A, 
required to evaluate the elastic-plastic constitutive matrix, would be given by  














kFA σσ .   (5.38) 
From the hardening flow rules, given by equations (5.3) and (5.7), respectively, it may 
be deduced that 











κλε ,   (5.39a) 



























,    (5.39b) 
while, from equation (5.2), 









.       (5.40) 





























.     (5.41) 
5.3. Extension to General Stress Space 
As stated earlier, the original critical state formulation is based, almost 
exclusively, on laboratory results from conventional triaxial tests, where the 
intermediate principal stress (σ2′) is either equal to the major (σ1′), or minor (σ3′), 
principal stress. Because of this restriction, the basic formulation was developed in 
terms of q (=σ1-σ3) and p′ (=(σ1´-2σ3´)/3). Thus, for generalized test conditions as well 
as numerical analysis, the basic models would have to be adapted to full stress space, 
by making some assumption of the shape of the yield surface and plastic potential, in 
the deviatoric plane. In previous §5.2, the formulation of the MCC model was made in 
terms of p′ and J, that is, by replacing q by J in the basic model, as a first step towards 
generalization. In generalized stress space, this substitution, along with the adoption of 
a constant MJ, is equivalent to assuming that the yield and plastic potential surfaces 
(and hence, the failure surface) are circles in the deviatoric plane (Figure 5.7). 
Adoption of a variable MJ would be depicted a non-circular shape for the yield and 
plastic potential surfaces in the deviatoric plane. It is well known that a circle would 
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not represent the failure condition of soils well, whereas a Mohr-Coulomb type of 
failure criterion would be appropriate. 
Gens (1982) reported that the critical state friction angle for clays is the same 
under conditions of triaxial compression, extension and plane strain. Similar 
observation has been reported by Bolton (1986). A varying φcs could be used to plot a 
circle for the shape of a yield surface in the deviatoric plane indicating a constant value 
of MJ, as discussed above. This would mean constant failure strength of a soil for all 
modes of shear. In reality, failure strength of a soil varies for different modes of 
shearing. That is, value of MJ is not constant under triaxial compression, extension or 
plane strain loading condition. Assuming a constant value of φcs, it is possible to obtain 
different values of MJ in the deviatoric plane. One such possibility is given by the 
Mohr-Coulomb failure criterion which plots an irregular hexagon as the shape of the 
yield surface in the deviatoric plane. 
In order to obtain a Mohr-Coulomb hexagon for the yield surface in the 
deviatoric plane, MJ, in the modified Cam clay yield function of equation 5.2 must be 
made to vary as a function of Lode’s angle, θ, in conjunction with a constant critical 
state friction angle, ϕ′cs. This implies that, MJ, in equation (5.2) would have to be 











= ,     (5.42) 
in which ϕcs′ would replace MJ as the input parameter. The expression of equation 



























σ ,   (5.43) 
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and critical state conditions would occur at constant ϕcs′. It is apparent that although 
the Mohr-Coulomb criterion serves as a sufficient first approximation, which is 
certainly superior to a circle, it does not provide adequate agreement with observed 
soil failure conditions. Also, the discontinuity of the Mohr-Coulomb expression at θ  = 
-30° (triaxial compression), and θ  = +30° (triaxial extension), would require some ad 
hoc rounding of the corners. Among various suggested failure surfaces which are 
continuous and agree better with experimental results in the deviatoric plane, 
Matsuoka and Nakai’s (1974), and Lade and Duncan’s (1975), are probably the best 
known. These failure surfaces are depicted in Figure 5.7, in the deviatoric plane. 
In problems involving plane strain deformation, the adoption of a plastic 
potential shape, gpp(θ), in the deviatoric plane, and a dilation angle of ψ, would 
determine the value of the Lode’s angle at failure, θf (Potts and Gens, 1984). Some 
expressions used for the plastic potential function, as proposed in the literature, do not 
provide realistic values of θf. Potts and Gens (1984) have also indicated that it is often 
necessary to have different shapes of the yield and plastic potential surfaces in the 
deviatoric plane, resulting in a non-associated constitutive model. For instance, 
equation (5.42), which gives rise to a Mohr-Coulomb hexagon in the deviatoric plane, 
has been used in the MCC yield function to provide equation (5.43). If the hexagonal 
yield function is taken to be the same as the plastic potential expression, it may be 
shown that plane strain failure would occur with either θf  = -30° (in triaxial 
compression), or θf = +30° (in triaxial extension), where there is a corner in the plastic 
potential. The direction of the plastic strain increment is not uniquely defined at the 
corners of the Mohr-Coulomb hexagon. Moreover, as most soils fail with θ-values of 
between -10° and -25° under plane strain conditions, this failure value of Lode’s angle 
would be quite unrealistic. To overcome this problem, an alternative expression would 
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be needed for gpp(θ). It would, however, still be possible to use the Mohr-Coulomb 
hexagon to define the shape of the yield function in the deviatoric plane, by adopting a 
corresponding, non-hexagonal plastic potential shape in the same plane. In such a 
situation, the yield and plastic potential functions would differ, resulting in a non-
associated flow rule. The model, outlined in the following discussion, will adopt a 
Mohr-Coulomb hexagon and circle, for the shapes of the yield and plastic potential 
functions in the deviatoric plane, respectively. 
5.3.1. Modification of MCC Yield Function to Mohr-Coulomb Hexagon in the 
Deviatoric Plane 
The shape of the yield surface of the adopted model, in the deviatoric plane, is 
a Mohr-Coulomb hexagon, given by equation (5.42), while the yield surface is defined 
by equation (5.43). To avoid the problems outlined in preceding §5.3, equation (5.43) 
is used as the plastic potential as well, although its shape, in the deviatoric plane, is 
assumed to be circular. This would be achieved by replacing the variable, θ, by the 
parameter, θ(σ′), which represents Lode’s angle at the point in stress space, at which 
the gradients of the plastic potential are required. Therefore, the plastic potential would 
have rotational symmetry and P({σ′},{m}) would be the surface of revolution 
generated by the intersection of F({σ′},{k}) with the plane θ = θ(σ′) (Potts and 



























σ .   (5.44) 
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5.3.2. Derivatives of Yield and Plastic Potential Functions 
Using equation (5.43), the differentials required to evaluate the elasto-plastic 
constitutive matrix [Dep], of equation (5.16), that is, 
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and 






















,   (5.47) 
may be obtained from the chain rules stated in equations (5.24) and (5.25). Similarly, 
on the basis of equation (5.44), the derivatives of the plastic potential function would 
be given by 
{ } { }( )
























,    (5.48) 
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     (5.49) 
and 





.        (5.50) 
5.3.3. Hardening/Softening Parameter, A
The hardening parameter A was defined in foregoing §5.2.5 by














kFA σσ .   (5.38) 
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From the hardening flow rules, given by equations (5.3) and (5.7), respectively, it may 
be shown that 












κλε ,   (5.51a) 





































κλσθ ,    (5.51b)
while, from equation (5.43), 









.       (5.40) 
Hence, combining equations (5.38), (5.40) and (5.51b), it may be shown that 
























pvA .     (5.52) 
5.4. Modification of MCC Model for Supercritical Region 
As stated in foregoing §5.1, one of the drawbacks of the basic Cam clay 
formulation is that it significantly overestimates the failure stresses, in the supercritical 
(dry) region. Moreover, Hvorslev (1937) found, experimentally, that a straight line 
approximates the failure envelope for overconsolidated soils satisfactorily, as is 
apparent in Figure 5.8. It is not surprising, therefore, that in one of the earliest 
computations based on the Cam clay models (Zienkiewicz and Naylor, 1973), the 
researchers adopted a straight line as the yield surface in the supercritical region. This 
yield curve is the Hvorslev surface. 
There are two problems arising from the use of associative plasticity, in 
conjunction with the Hvorslev yield surface. An associated flow rule would imply 
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excessive dilatancy rates, as well as a discontinuity at the critical state point. In order 
to avoid these problems, Zienkiewicz and Naylor (1973) adopted a non-associated 
flow rule in their model, with dilatancy increasing linearly from zero, at the critical 
state point, to some fixed value at p′ = 0. An alternative solution would be to use the 
Cam clay yield surface as the plastic potential, in association with the Hvorslev yield 
surface. This approach has been adopted by Potts and Zdravkovic (1999). In the 
following discussion, it will be shown how the MCC yield surface, specified in 
preceding §5.3, may be replaced by the Hvorslev surface on the supercritical region, 
and the MCC yield surface, with a circular shape in the deviatoric plane, used as the 
plastic potential corresponding to the Hvorslev yield surface. Similar steps as in 
foregoing §5.3.2 will be used in obtaining the derivatives of the yield and plastic 
potential functions, in order to formulate the elastic-plastic constitutive matrix. 
5.4.1. Hvorslev’s Yield Surface in Supercritical Region 
The significant feature of the surface, with which Hvorslev (1937) was 
concerned, is that the shear strength of a heavily overconsolidated soil specimen, is a 
function of both the mean normal stress, p′ and the specific volume, v, at failure. The 
specific volume appears on the plot of Hvorslev’s failure surface (Figure 5.9), through 
its influence on the equivalent stress pe′ which depends directly on the specific volume. 
The value of pe′ at any specific volume, is simply the stress on the normal 
consolidation line, at that specific volume. Drained and undrained tests may be 
compared directly if stress paths are plotted on the normalized q/ pe′ : p′ / pe′ plane 
shown. It is evident that the data of both the drained and undrained tests lie on a single 
line on the q/ pe′ : p′ / pe′ plane. This line, which represents the Hvorslev surface on the 
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plane, is limited at its right-hand end by the critical state point. The equation of this 
















,    (5.53) 
hence mH and gH are the slope and intercept of the Hvorslev line, respectively. 
Equation (5.53) may be re-written as 
eHH pgpmJ ′+′= .       (5.54) 





=′ .       (5.55) 





+′= .       (5.56) 
The Hvorslev surface intersects the critical state line at p′cs, J′cs and v′cs (Figure 5.10). 
The projection of the line onto the J:p′ plane, and that onto the v:ln p′ plane, may be 
described as (Atkinson and Bransby, 1982) 
csJcs pMJ ′=       (5.57a) 
and 
cscs pv ′−Γ= lnλ ,      (5.57b) 
respectively, where Γ is the value of the specific volume corresponding to p′=1.0 kPa 
on the critical state line, in the v:ln p′ plane. Hence, from equation (5.56), it may be 
deduced that 




−= .   (5.58) 







HJH emMpmJ .   (5.59) 
From Figure 5.1, it is apparant that each swelling line has an intersection point with the 
normal consolidation line (NCL), and therefore, the intersection point should satisfy 
both equations (5.1a) of the NCL, and (5.1b) of the swelling line. Solving the two 
equations for a particular intersection point (for example, “b”), would eliminate the 














pNv 00 lnln κλ .     (5.60) 
By substituting equation (5.60) in (5.59), and re-arranging terms, the expression for the 
Hvorslev’s surface may be obtained as 





































,  (5.61a) 
where MJ would have to be replaced by g(θ), given by Equation (5.42), in order to 
have the Mohr-Coulomb hexagon as the shape of the yield function in the deviatoric 
plane. This would result in 






































.  (5.61b) 
The MCC yield function, given by equation (5.43), will be adopted as the 
plastic potential corresponding to the above Hvorslev yield surface. For the same 
reasons as outlined in foregoing §5.3, the plastic potential would have a circular shape 
in the deviatoric plane. Hence, the plastic potential function, to be used in conjunction 
with the Hvorslev yield surface on the supercritical region, would be given by equation 
(5.44). 
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5.4.2. Derivatives of the Yield and Plastic Potential Functions 
In view of the preceding considerations, the differentials, ∂F({σ′},{k})/∂σ′, and 
∂P({σ′},{m})/∂σ′, required to evaluate the elasto-plastic constitutive matrix [Dep], may 
be obtained from equations (5.24) and (5.25). The equations are based on the 
derivatives of equations (5.61b) and (5.44), given by 






































’  (5.62) 









’      (5.63) 
and 
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2 .  (5.64) 
Since the plastic potential function, adopted in the Hvorslev-MCC model, is the same 
as that used in the MCC model, of preceding §5.3.1, its derivatives may be determined 
as 
{ } { }( )
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,        (5.50) 
as before. 
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5.4.3. Hardening/Softening Parameter, A
The hardening parameter, A, was defined earlier as














kFA σσ .   (5.38) 
From the hardening flow rules, given by equation (5.3), and (5.7), respectively, it may 
be shown that 
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κλσθ ,    (5.51b)
while, from equation (5.61b) 
































.    (5.65) 
Next, combining equations (5.38), (5.65) and (5.51b), it may be shown that 










































.   (5.66) 
Based on the foregoing equations, the elastic-plastic constitutive matrix to be 
used, in the case of the shear failure of soils on the dry side of critical state, may be 
generated, with better agreement with actual behaviour. 
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5.5. Implementation of Hvorslev-MCC Model into Finite Element 
Code 
Problems of embankment construction or of excavations are encountered in 
geotechnical engineering, which may pose special difficulties in analysis, apart from 
those of constitutive modelling dealt with in the foregoing discussion. Such problems 
involve complex geometric and/or loading conditions. The advent of large-scale digital 
computers, and the use of finite element analysis, have made the solution of such 
problems feasible. In view of this, the Hvorslev-MCC model, developed in the 
previous text, has been implemented in the finite element software, ABAQUS (Hibbit 
et al., 1995), under certain boundary conditions. The software is commercially 
available for the numerical analysis of a wide range of problems, including those of the 
geotechnical catagory. 
Most of the plasticity models in ABAQUS are “incremental” theories, in which 
the mechanical strain rate is decomposed into an elastic part and a plastic part. The 
extended Drucker-Prager plasticity, modified Drucker-Prager/cap, and critical state 
plasticity, models are available for soil modelling in ABAQUS. Any other constitutive 
model may be added to the ABAQUS library by programming it in a user-specified 
subroutine UMAT (Section 6.2.23 of ABAQUS/Standard User’s Manual). The 
subroutine is called at each material calculation point, and used to define its 
constitutive behaviour. The Hvorslev-MCC model may thus be programmed into 
UMAT. The interface cards for this subroutine may be obtained from the ABAQUS 
manual. 
A trial problem was chosen, in which the soil specimen was isotropically 
normally consolidated to p′ = 1850 kPa initially, then allowed to swell isotropically to 
p′ = 200 kPa. The material properties were based on Bothkennar clay (Allman and 
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Atkinson, 1992), for which N = 2.67, λ = 0.181, κ = 0.025, MJ = 0.797 and G = 20000 
Mpa. The problem of the specimen of overconsolidated clay, which was subjected to 
drained biaxial compression loading, was then run on ABAQUS, using the Hvorslev-
MCC soil model. The results of the analysis are shown in Figures 5.11 and 5.12. 
Accordingly, once the soil sample reached the Hvorslev surface, strain-softening 
occurred. The specimen expanded in volume until it reached the critical state. These 
are in accordance with the observed shear behaviour of OC clays. 
Predictions from the modified Cam clay (MCC) model, as specified in 
foregoing §5.3, are plotted in Figure 5.13, and compared with those of the Hvorslev-
MCC model. It is apparent that the former model over-predicts the failure stress for the 
OC clay, which actually fails on the Hvorslev surface. Also, the volumetric strains, 
predicted by the MCC model, are much higher than determined by the Hvorslev-MCC 
model. 
5.6. Concluding Remarks 
During the past forty years or so, there has been steady progress in the 
development of more realistic models of soil behaviour, with a strong emphasis on the 
simplicity of construction, and use, of constitutive models. It has been suggested that 
the search for a comprehensive soil model, which is of universal application, would not 
be warranted, as it would require too many parameters, and be impractical for use in 
realistic situations (Wroth and Houlsby, 1985). In this context, the series of Cam clay 
models can provide a fundamental and rational framework for understanding soil 
behaviour in a relatively simple way. 
Gens and Potts (1987) surmised that some form of modified Cam clay is, by 
far, the most widely used model in computations. It appears to be sufficiently accurate 
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for the type of problems analyzed using a critical state formulation. The possibility of 
better predictive power by more elaborate models is often out-weighed by the 
simplicity, and small number of parameter requirement, of the MCC model. However, 
it has been found that the model remains deficient, in that it overestimates the drained 
strength of overconsolidated clays. 
In the present study, a Hvorslev surface modification has been implemented in 
the supercritical region of the generalized MCC model, and the overall constitutive 
model implemented into the finite element software, ABAQUS. The performance of 
the Hvorslev-MCC model will subsequently be evaluated for soil on the dry side of 
critical state. One of the major drawbacks of the critical state models, as discussed in 
foregoing §2.5, is their inability to account for the non-uniform deformation that 
generally develops in brittle soils, such as, hard clays and soft rocks. The model may 
be able to reflect the “smeared” effect of strain localization occurring in heavily OC 
clays, under simple boundary, and drained conditions, but the actual kinematics of 
strain softening cannot be captured by it, in principle, because of the assumption of a 
continuum. The results of the tests conducted on heavily OC specimens of kaolin clay, 
will be compared with the Hvorslev-MCC model predictions subsequently, in Chapter 
6, in order to evaluate the model’s performance. 
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Figure 5.1. Behaviour under isotropic compression 
Figure 5.2. Modified Cam clay yield surface 














Figure 5.4. State boundary surface 
Figure 5.5. Segment of plastic potential surface  
Figure 5.6. Invariants in principal stress space 




Figure 5.7. Failure surfaces in deviatoric plane 
Figure 5.8. Experimental results on the supercritical region (after Gens, 1982) 
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Figure 5.9. Failure states of tests on OC samples of Weald clay (after Parry, 1960) 
(a) J:p′ plane 
(b) v:p′ plane
Figure 5.10. Intersection of Hvorslev’s surface with critical state line
P (p'cs,vcs)
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Figure 5.11. Deviatoric stress vs. axial strain from ABAQUS run 
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Figure 5.13. Predictions of drained plane strain tests on OC clay 
Legend 
------ MCC model (M 
varies with θ) 
 
Hvorslev-MCC 
model (M varies with θ) 
































6. COMPARISON OF RESULTS 
6.1. Introduction 
The laboratory test results presented in Chapter 4 are used to evaluate the 
constitutive model described in Chapter 5. As stated in foregoing §3.4, a total of six 
plane strain (PS), four triaxial compression (TC), four triaxial extension (TE), and 
three direct shear (DS) tests, have been performed on saturated specimens of heavily 
overconsolidated kaolin clay, under drained and undrained loading conditions. The 
measured deformation characteristics and the numerical predictions are evaluated 
solely on the basis of these four types of tests. 
The numerical predictions and test results are presented in terms of the 
macroscopic stress-strain response and localized deformation behaviour of the tested 
clay. The analysis and results of the drained and undrained PS tests are dealt with in 
the next section, followed by those of the TC and TE tests. The observed failure 
envelope of the tested clay will be generated, based on the shear tests performed on it. 
The primary facets of soil behaviour which, should ideally, be replicated by a 
constitutive model, will then be identified, and compared with test results. 
Performance of the simple model developed in the present study, will then be 
evaluated in terms of its application to problems involving strain localization. 
6.2. Macroscopic Stress-Strain Behaviour 
The observed and predicted response of the soil element tested under plane 
strain compression, triaxial compression and triaxial extension conditions are 
presented in this section as plots of stress-strain, volume change (in drained shear), 
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excess pore pressure (in undrained shear) and mobilized friction angle versus global 
axial strain. The material parameters used in the Hvorslev-MCC model are adapted 
from the experimentally obtained values (λ, κ and N-values are shown in Table 3.4 of 
Chapter 3; and values of φ', MJ and mH are given in Table 6.1). 
6.2.1. Drained PS Tests 
As shown earlier in Chapter 4, three drained tests, that is, PS_D10, PS_D16 
and PS_D20, were carried out with overconsolidation ratios (OCR) of 10, 16 and 20, 
respectively. Figure 6.1 shows the plots of deviatoric stress versus global axial strain. 
The stress-strain curves were obtained in accordance with the routine correction that 
uses the average sectional area of the specimen. From the model prediction, it is noted 
that the stress increases monotonically, until the Hvorslev yield surface is reached at 
about 6.2%, 7.0% and 7.9% axial strain for PS_d20, PS_d16 and PS_d10, 
respectively, whereupon it decreases rapidly. Experimental observation indicates 
values corresponding to peak loads on the stress-strain curve of about 5.9%, 6.8% and 
7.3%, respectively, for the above drained tests. Plastic deformation takes place once 
the stress path reaches its maximum on the Hvorslev yield surface. The soil specimen 
reaches its ultimate/residual state after a certain amount of strain softening has taken 
place. The peak stresses predicted by the model for the three tests correspond to 
values of 116, 136 and 150 kPa, respectively which are in close agreement with the 
values observed experimentally. Both theoretical and experimental observations 
reflect the fact that specimens with higher OCR values reach the Hvorslev yield 
surface at a lower axial strain and peak deviatoric stress. Figure 6.2 depicts the 
variation of stress ratio with axial strain. All three tests indicate that, both 
theoretically and experimentally, at about 10% axial strain, the effective stress ratio 
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levels off to a residual value. 
From the effective stress ratio, the mobilized friction angle, φm´, has been 
determined from the equation 










=′φ ,   (6.1) 
where MJ is the stress ratio in the J: p´ plane (see foregoing §5.4), and b is a parameter 
given by 

















σσb .     (6.2) 
The mobilized friction angle has been plotted against the axial strain, as shown 
in Figure 6.3. From the test results, average values of φ´peak = 36.7º and φ´cs = 21.9º 
has been deduced earlier from the PS test results, whereas, φ´peak = 32.5º and φ´cs = 
22.6º have been predicted by the Hvorslev-MCC model. 
The model prediction of global volumetric strain is plotted against the global 
axial strain in Figure 6.4. Experimental values of volumetric strain computed by the 
two methods, that is, the burette method and the laser sensor method, are also shown 
in this plot. Compressive volumetric strains are taken as positive. The specimen is 
compressed until the peak stress is attained, whereupon it starts to dilate, until it 
reaches the critical state, and further volumetric strains became negligible. This 
behaviour of volume change is consistent with routine observations of shear testing of 
clay specimens which are on the dry side of critical state. It is apparent, in Figure 6.4, 
that the two methods for obtaining the volumetric strain registered almost the same 
volume change in the initial part of the stress-strain curve, that is, up to 4~5% of the 
axial strain. However, at larger strains, significant deviation occurred in the volume 
change measured by the two methods. 
249
In plane strain tests, the condition of zero strain (ε2 = 0) along the out-of-plane 
axis is imposed on the specimen, which mobilizes the intermediate principal stress, 
σ2. Evaluation of σ2, either by calculation or by direct measurement, has been a 
problem of interest among researchers (Nagaraj and Somashekar, 1974; Vaid and 
Campanella, 1974). The mathematical determination of σ2 is expressed in terms of 
Poisson’s ratio. The obvious difficulty in using such relation lies in the accurate 
evaluation of Poisson’s ratio. The intermediate principal stress, σ2´, is somewhere 
between σ´1 and σ´3, and its exact value is difficult to measure in plane strain tests, 
but the test data available elsewhere (Potts and Zdravkovic, 1999), suggests that 
35.015.0 ≤≤ b , where b is defined by equation (6.2). In the present study, total stress 
cells, flush with the surface of the rigid walls, have been used to measure σ2 directly. 
Figure 6.5 depicts the measured and predicted values of σ2. The experimental “peak” 
points seem to be somewhat larger than the predicted values (particularly for the 
drained tests with OCR equal to 10 and 16). This is most likely due to the fact 
mentioned earlier in Chapter 4, that stress cells are known to over-register in the 
vicinity of zones where the soil is failing. Other than this, the qualitative trend of the 
predicted response seems to be in fairly good agreement with that of the experiments.  
Another parameter, whose magnitude depends on the intermediate principal 
stress, is the third stress invariant, that is, Lode’s angle θ, given by 
































σσθ .    (6.3) 
The average value obtained (theoretically) for θ, at failure, is -16.5º which seems 
reasonable as most soils fail with a value of θ between -10º and -25º (Potts and 
Zdravkovic, 1999). Experimental observation reflects an average value of θ of about -
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16º. 
In the foregoing drained tests, the clay specimens were subjected to axial 
compression, while the radial total stress was maintained constant and no significant 
excess pore water pressures were allowed to develop. The initial stresses in the 






Jp ,     (6.4) 
where md is the slope of the drained stress path, in the p´:J plane, and may be 
expressed in terms of Poisson’s ratio, µ, as 









dm .    (6.5) 
Figure 6.6 (a) depicts the stress paths of the three drained tests, which is in 
accordance with equation (6.4). Each stress path reaches the Hvorslev surface, at the 
yield point “Y”, whereupon it re-traces the drained path down, to intersect the critical 
state line at point “F”. Figure 6.6 (b) shows the drained stress path in the p´:v plane, in 
which the specimen compresses along the swelling line up to the yield stress, py´(that 
is, point “Y” on the swelling line), from which it approaches the critical state line 
(CSL), at point “F”, by expanding in volume. Once the critical state is reached, 
unlimited shear strain takes place without any further change in p´, J and v (specific 
volume). The CSL was obtained from the J-p´ plots of the sets of PS compression 
tests performed on the clay specimens. The Hvorslev yield surface was generated 
from the normalized plots of the drained and undrained PS tests in the J/pe´: p´/pe´
plane. These are shown in Appendix D. Figure 6.7 depicts the entire Hvorslev-MCC 
failure envelope determined from the tests carried out on the adopted kaolin clay, and 
the predicted and observed state paths followed by the three drained PS tests in v: p´: 
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J space. Accordingly, the state path of the tests rises along the drained plane from an 
initial isotropic stress state, up to the Hvorslev surface, whereupon it traces the 
intersection of the drained plane and the Hvorslev surface to reach the critical state 
line.  
In the foregoing text, the theoretical predictions using the Hvorslev-MCC 
model and the experimental results of the three drained, plane strain tests have been 
presented, with reference to Figures 6.1 to 6.7. It is evident, from a comparison of the 
two sets of results, that the model can predict the actual macroscopic soil behaviour, 
under shear testing, reasonably well. The “peak” and “ultimate” (critical state) values 
of the stresses, stress ratio and mobilized friction angle are relatively close for model 
prediction and test results. 
It is worth mentioning here that the elastic-plastic theory of Chapter 5 assumes 
the material behaviour to be isotropic, so that the elastic volumetric strain increment is 
given by equation (5.4). This assumption results in a non-linear elastic model, in 
which the bulk stiffness, K, varies according to equation (5.5), that is, K is 
proportional to p´. The shear modulus, G, is assumed to vary according to equation 
(5.37), and thus is also proportional to p´. The elastic model so defined is, in general, 
too simple to represent the real behaviour of soil adequately, for stress states inside 
the yield surface. Real soil behaviour is highly non-linear, with both strength and 
stiffness depending on stress as well as strain levels. For problems involving 
monotonic loading, it may be more appropriate to adopt a more complex non-linear 
elastic model to represent the behaviour of the soil inside the yield locus. In order to 
model the pattern of displacement properly, it is important to adopt a realistic stiffness 
variation in the constitutive soil behaviour (Jardine et al., 1986). The stress-strain 
response, observed from the PS tests, indicates that the shear modulus of the adopted 
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kaolin clay depends on the magnitudes of the mean normal stress and shear strains. 
The adopted value of the shear modulus is in accordance with the stiffness variation 
of kaolin clay reported by Dasari (1996) and Potts and Zdravkovic (1999), as 
specified in Appendix C. 
6.2.2. Undrained PS Tests 
The three undrained tests, PS_U04, PS_U08 and PS_U16, were carried out 
with OCR values of 4, 8 and 16, respectively. The initial and final water content of 
the specimens in all the PS tests have been presented earlier in Tables 3.5 and 4.1 of 
Chapters 3 and 4, respectively. A comparison of the initial values of water content 
before shearing (as indicated in foregoing Table 3.5), and those after shearing (as 
indicated in previous Table 4.1), showed that the water content of the undrained test 
specimen varied during the test. Moreover, the water content at failure, within the 
shear band, is higher than the overall, or global, water content. It was also discussed 
in Chapter 4 that the formation of shear zones, in the heavily OC clay specimen, is 
likely to have caused local drainage and volume changes, so that the test was not 
strictly undrained. In the context of local drainage, the “idealized” stress-strain plots 
of the undrained tests will be discussed next.   
Typical plots of the model predictions and test results are depicted in Figures 
6.8 to 6.14. In the figures, the points “B”, “Y”, “R”, “P” and “F” denote the initial 
isotropic stress state prior to shearing, and yield, maximum stress ratio, maximum 
deviatoric stress and ultimate stress states, respectively. The yield point "Y" is 
obtained by solving the equations of the initial undrained stress path and Hvorslev 
yield surface. The point "R" is taken as the peak point on the plot of stress ratio vs. 
axial strain. The failure state "F" is the intersection point of the undrained stress path 
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and CSL. Figures 6.8 (a) and (b) depict the state paths of undrained plane strain tests 
PS_U04, PS_U08 and PS_U16, in the p´:J and p´:v planes, respectively. The shear 
stress-axial strain, and stress ratio-axial strain responses of the adopted test specimens 
are shown in Figures 6.9 and 6.10, respectively. According to the critical state model 
behaviour, the OC specimen would follow the state path BYRPF, from the initial, 
isotropic state at B, to the critical state, at F. As shown in Figure 6.9, it would yield on 
the Hvorslev surface at point “Y”, pass through points “R” (where the stress ratio is a 
maximum) and “P” (where maximum deviatoric stress occurs), and finally reach the 
critical state at point “F”. It is also evident from an inspection of foregoing Figures 
6.8 and 6.9 that, once the maximum stress ratio point “R” is reached, the test results 
deviate from model predictions, considerably. This is attributed to localized shear 
banding that initiated around point “R” and continued to develop until point “P” was 
reached, during which, the soil in the shear band dilates and softens, due to local 
drainage. This has been discussed earlier in Chapter 4 in light of the findings reported 
by Atkinson and Richardson (1987) who studied the undrained behaviour of heavily 
overconsolidated London clay, under triaxial compression loading. According to their 
research, relatively large hydraulic gradients exist near the shear zones in nominally 
undrained tests leading to local drainage and volume changes. Consequently, such 
tests would not, strictly, have been undrained. In such an instance, the idealized state 
path BYRPT illustrated in Figures 6.8 to 6.10 would correspond to a shear zone with 
partial drainage. The state path should therefore fall somewhere between BYRPF in 
Figure 6.9 and 6.10, which is the case of true undrained loading, and the one followed 
by the specimen in the case of fully drained, plane strain compressive loading. The 
slope of the drained stress path, md (defined in §6.2.1), is about 1.249, for PS tests, for 
a value of Poisson’s ratio equal to 0.2 (0.1≤ µ ≤0.3 for soil). Consequently, the portion 
254
of the final state path in an undrained test, when prominent shear bands form, would 
not reach the ultimate point, F, corresponding to ultimate failure of a true undrained 
test (Atkinson and Richardson, 1987). Instead, the state path would rise to somewhere 
around the peak deviator stress point “P”, and terminate at a point near “T”, as 
indicated in Figures 6.9 and 6.10. The point “T” represents the end of the undrained 
test, which may occur when strong discontinuities develop and the specimen becomes 
severely distorted, or the limit of travel of the biaxial test device is reached, at around 
25% axial strain, but the point does not necessarily lie on the CSL. In such a test, 
during the initial portion of the state path, that is BYR, the strains are usually small. 
Shear banding is not likely to form, and there would probably be little volume change, 
resulting in practically undrained behaviour up to point "R". From Figure 6.11, in 
which is plotted the volumetric strain-axial strain, and specific volume-effective mean 
normal stress responses of the test specimens, almost zero volume change may be 
noted up to the initial loading stage, after which a slight expansive volumetric strain, 
about 0.3% to 0.6%, was measured by the laser sensor. Atkinson and Richardson 
(1987) suggested that such a small amount of volume change is likely to take place in 
the shear zone, as a result of local drainage, the degree of which would increase with 
higher OCR. However, in considering the specimen as a whole, it might seem that no 
volume change had occurred, and thus, the test result would plot at T′, which is at 
practically the same specific volume as at "B" (Figure 6.11(b)). The peak deviator 
stress would approximate the point at which volume changes develop relatively 
strongly, and the reduction in deviator stress after the peak would be associated with 
continuing local drainage. Otherwise, neither point "P" nor "T" would correspond to 
any clearly-defined soil characteristic. 
Excess pore pressure generated for a specimen undergoing uniform 
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deformation in a truly undrained test condition would be as shown in the model 
prediction of Figure 6.12, where the excess pore pressure is obtained as the difference 
in effective stress p′ of the drained and undrained stress paths. Positive excess pore 
pressure might be expected to be generated up to the elastic yield point, followed by a 
large negative pore pressure, which reflects the dilatant behaviour in the drained test 
of OC clay. However, since the specimen did not reach the ultimate condition defined 
by a truly undrained test, only small amount of negative pore pressure was registered 
by the corresponding transducer. 
Figure 6.13 shows plots of the mobilized friction for undrained tests PS_U04, 
PS_U08 and PS_U16, which are similar to those of the drained tests depicted earlier 
in Figures 6.3 of foregoing §6.2.1. It is evident from Figure 6.13 that, for an 
undrained test, the model predicts a maximum value of the mobilized friction angle, at 
a larger axial strain, corresponding to a higher deviatoric stress, than that actually 
observed. However, in the test results, the mobilized friction angle reaches a 
maximum value, corresponding to the maximum deviatoric stress (point “P” in Figure 
6.9), and decreases to a residual value at the end of the test. 
Figure 6.14 depicts the state paths in v: p′: J space, for the three undrained PS 
tests, for comparison with the failure envelope. Accordingly, the test results agree 
fairly well with the predictions of the Hvorslev-MCC model up to the yield point, 
whereupon the continuum-based model fails to predict the actual responses of the OC 
test specimens, which then developed pronounced discontinuities due to shear 
banding. 
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6.2.3. Triaxial Compression Tests 
The TC and TE tests were undertaken on the adopted kaolin clay samples, for 
comparison under other modes of shearing. Since such soils are known to form 
localized shear zones, the similarities and differences in their characteristic behaviour 
were investigated for the two modes, as dealt with in the following sections. 
As indicated in foregoing Table 3.6, two drained, and undrained, triaxial 
compression (TC) tests, with OCR values of 16 and 20, were carried out on prepared 
samples of kaolin clay, with identical properties as the samples of the foregoing PS 
tests. The test results and model predictions for the drained, as well as undrained, TC 
tests are displayed in Figures 6.15 to 6.23. The deviatoric stress and stress ratio have 
been plotted against the axial strain of the adopted test specimen in Figures 6.15 and 
6.16, respectively, while the volumetric strain-axial strain and mobilized friction 
angle versus axial strain plots are depicted in Figures 6.17 and 6.18, respectively, for 
the drained tests TC_D16 and TC_D20. The model predictions agree reasonably well 
with the results of the drained triaxial tests. However, the model predictions, and 
results, of the undrained triaxial tests, as shown in Figures 6.19 to 6.22, indicate that 
the Hvorslev-MCC model ceases to perform adequately, once the test specimen yields 
and develops localized shear banding, similarly as the undrained PS tests discussed in 
foregoing §6.2.2. The deviatoric stress, stress ratio, excess pore pressure and 
mobilized friction angle, responses have been plotted against the axial strain of the 
undrained test specimen, in Figures 6.19, 6.20, 6.21 and 6.22, respectively. Figure 
6.23 shows the state paths followed in the four triaxial compression tests. The slope of 
the drained stress path in the p´:J plane is md =√3 (=1.732), which is greater than that 
of the drained PS tests (equation (6.5) of preceding §6.2.1 yields md=1.249, for 
µ=0.2). For the same starting point of isotropic consolidation, the TC test would 
257
traverse a shorter stress path to reach the yield surface, as compared to the PS test. In 
other words, yield point "Y", in the TC test, would be to the left of the yield point in 
the PS test. The yield point is obtained by solving the Hvorslev’s yield function, given 
by equation (5.61) of earlier §5.4.1, and the drained stress path, given by equation 
(6.4) of foregoing §6.2.1. Moreover, the peak strength is usually slightly higher in 
drained PS tests (Mochizuki et al., 1988). This is, indeed, reflected in the test results. 
Accordingly, (Jy)TC = 117 kPa compared with (Jy)PS = 121 kPa, while (p´y)TC = 144.5 
kPa versus (p´y)PS = 169.9 kPa, in the TC_D16 and PS_D16 test results, respectively. 
Consequently, the PS test specimen underwent higher compressive volumetric strains, 
as is evident from a comparison of Figures 6.4(b) and 6.17. Similar trends in the 
model predictions and test results may be observed in the TC tests, as in the case of 
the PS tests. 
6.2.4. Triaxial Extension Tests 
As indicated in Table 3.6 of Chapter 3, two drained, and undrained, triaxial 
extension (TE) tests, with OCR values of 16 and 20, were carried out on prepared 
samples of overconsolidated kaolin clay. The test results indicate similar responses for 
the two drained, and undrained, tests. Typical results of the drained, and undrained, 
TE tests and the similar response predicted by the Hvorslev-MCC model are 
displayed in Figures 6.24 to 6.27, and 6.28 to 6.31, respectively. As discussed in 
foregoing §6.2.1 and §6.2.3, the Hvorslev-MCC model performs fairly adequately for 
the drained tests on the heavily OC clay, but for the undrained shear tests, the model 
seems to break down, post-yield. Figure 6.32 shows the state paths followed by the 
four triaxial extension tests. The slope of the drained stress path on the p´:J plane is 
md = 1.732, which is the same as that of the drained TC tests. From the same starting 
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point of isotropic consolidation as its corresponding TC test, each TE test stress path 
reached the yield surface in the extension stress space shown in Figure 6.32. 
6.3. Post-Peak Softening and Localization 
The results presented in §6.2 were obtained using a single element in the finite 
element analysis, which could also be obtained solving the constitutive equations 
numerically. Thus the model predictions presented so far assumed uniform loading 
and uniform deformation, henceforth they are called ‘uniform’ solution. The post-
peak response predicted by the Hvorslev-MCC model is due to material softening, 
built into the model in terms of reduction of the yield surface size, due to shearing on 
the dry side of critical state. The uniform model was able to capture some of the post 
peak softening. However, experimental results displayed much rapid post-peak 
softening (Fig 6.1, 6.2 and 6.3), due to non-uniform deformations as a result of shear 
band formation. The non-uniform deformation is primarily due to pre-existing 
heterogeneities present in the sample. Thus the uniform model results presented so far 
can be thought of as "homogenization" of shear banding process. 
It is interesting to note that such "homogenization" is actually capable of 
capturing the salient features observed experimentally. Besides the stress-strain 
curves, the model was able to capture, reasonably well, the measured intermediate 
principal stress, which clearly is influenced by the shear banding process. However, 
classical plasticity theories based on simple material models, such as the Hvorslev-
MCC model, fail to provide an objective description of softening. This is due to the 
fact that after the onset of localization, the boundary value problem becomes ill-
posed. The actual width of the zone of localized plastic strain is related to the 
heterogeneous material microstructure and can be correctly predicted only by models 
259
that have an intrinsic parameter with the dimension of length. The intrinsic length 
scale is absent from standard theories of elasticity or plasticity where the material 
behaviour is fully characterized in terms of stresses and strains without reference to 
any characteristic length. In other words, these theories exhibit no “size effect”. The 
experimental results in the present work indicate that heavily overconsolidated soils 
under shear, exhibit severe localization in terms of well-defined shear bands, and 
there exists size effect caused by the material softening. In order to achieve objectivity 
of continuum modeling and numerical simulation, the intrinsic length scale mentioned 
above, must be introduced by an appropriate enhancement that enriches the standard 
continuum and supplies additional information on the internal structure of the 
material. Such enhancement techniques can enforce a realistic and mesh-independent 
size of localized strain. A properly formulated enhancement has a regularizing effect, 
that is, it acts as a “localization limiter” that restores the well-posedness of the 
boundary value problem (Rolshoven and Jirásek, 2002). 
Al Hattamleh et al. (2004) studied localization using a simple elasto-plastic 
constitutive model with gradient plasticity regularization. Biaxial samples were 
analyzed with and without regularization. The influence of mesh size in analysis of a 
biaxial sample, without any regularization, is shown in Figure 6.33. Although there is 
mesh size influence, the difference is small. The results without regularization could 
still be used to understand first order controls on boundary value problems. Ord 
(1991) used such a simple softening material model available in FLAC (Cundall, 
1988) and analyzed a boundary value problem of crustal behaviour of earth. He 
evaluated the model against laboratory experimental results. He was then able to 
establish depths where normal, strike-slip and thrust fault regimes occur in the earth's 
crust. 
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Although, "homogenization" approach seems to have some advantages, it is 
better to simulate post-peak softening by incorporating non-uniform deformations 
observed in element tests. Thus, laboratory element test becomes a boundary value 
problem. The overall response of such a problem is a combination of material 
softening, if any, and softening due to bifurcation. To understand this, a plane strain 
test (PSD_10) was analyzed using two popular constitutive models, namely, the Mohr 
Coulomb (MC) and modified Cam Clay (MCC) models. In these examples, material 
behaviour was represented by MC or MCC model and overall system response was 
computed. The properties assumed are given in Tables 6.1 and 6.2, respectively. 
A typical finite element mesh consisting of 8x16 elements is shown in Figure 
6.34. Initial heterogeneity in the model was introduced by restraining the ends of 
specimen to simulate the friction between soil specimen and end platens. Ten percent 
axial strain was imposed at the top. Due to non-uniform deformations, different 
elements in the model would follow different stress paths. The overall deviatoric 
stress was computed by dividing the reaction applied at the top of the model by the 
characteristic cross section area. 
The computed stress-strain results are shown in Figure 6.35 (a) and (b) for the 
MC and MCC models, respectively. The shear band localization observed in MC 
model is shown in Figure 6.36. In the Mohr Coulomb model, although shear bands 
were formed, the stress-strain curve did not display post-peak softening. On the other 
hand, the MCC model displayed very clear post-peak softening. It may be possible to 
get post-peak softening by modifying the MC model, as reported by Al Hattamleh et 
al. (2004) and others. Nevertheless, it seems apparent that critical state models such as 
the MCC or Hvorslev-MCC model are better choices in simulating post-peak 
softening of stiff soils. 
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A major problem associated with the results presented in Figure 6.35, is the 
mesh dependency of the solutions. The solution obtained by uniform deformation is 
very different from those with various sizes of meshes. It is interesting to note that the 
mesh with 2x4 elements shows a stiffer response than the single element (uniform) 
response, although shear bands were seen to form in the 2x4 element mesh. The 
imposed boundary conditions may have a significant role in this case. As the mesh 
size increased, mesh dependency decreased. If sufficiently large number of elements 
is used, then mesh dependency can be minimized. Because of relatively large number 
of elements, results shown in Figure 6.33 (Al Hattamleh et al., 2004) also did not 
display significant mesh sensitivity. 
The number of elements required to minimize mesh sensitivity is very high 
even in the simulation of an element test. Analysis of typical boundary value 
problems is impossible with such large number of elements. Therefore, a method to 
remove this mesh sensitivity is highly desirable. This may be achieved by regularizing 
the softening plasticity models by a suitable technique, discussed next. 
6.4. Regularization 
It has been established in the preceding section that non-uniform deformation 
produces mesh sensitive results in the post-peak region of stiff soils. In numerical 
simulations of shear band formation in inelastic solids, there are two types of mesh 
sensitivities (Pankaj and Bićanić, 1994; Li and Liu, 2000). The first type of mesh-
dependent sensitivity appears in phenomenological rate-independent plasticity which 
is due to the fact that such plasticity theories admit zero width singular surface 
solution, and hence the discrete Galerkin formulations with finite mesh size are 
unable to capture this weak discontinuous surface precisely. The mathematical 
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interpretation of this is that the inception of shear bands corresponds to the loss of 
ellipticity of the governing partial differential equations, which leads to the ill-
posedness of the boundary value problem, and consequently results in the collapse of 
discrete computation, if the conventional Galerkin procedure is employed. The second 
type of mesh-dependent sensitivity is the so-called mesh-alignment sensitivity. Li and 
Liu (2000) reported that the inability of a finite element (FE) mesh to resolve 
localized shearing at angles oblique to the element boundaries is primarily responsible 
for the latter type of mesh sensitivity. Li and Liu (2000) also pointed out that the two 
mesh-dependent sensitivities might be related in the sense that if a continuum has a 
finite length scale, and the characteristic length of FE mesh is smaller than that length 
scale, then there will be no mesh sensitivity of any kind at all, otherwise (when length 
of FE mesh is larger than the length scale), both mesh sensitivities occur. 
In order to eliminate the first type of mesh-dependent sensitivity discussed 
above, certain regularization of the continuum is required. The rate-dependent 
plasticity, non-local continuum, and strain-gradient plasticity are the three main 
regularization procedures generally used in computations employed to obtain mesh 
size independent shear banding of strain-softening models (as discussed earlier in 
§2.4.7 of Chapter 2). For the rate-independent, Hvorslev-MCC plasticity model 
developed in the present study, the non-local continuum approach will be employed 
as the required regularization scheme. 
6.4.1. Details of the Regularization Scheme 
In non-local constitutive model, the internal plastic variable is averaged over a 
representative volume by introducing a “localization limiter” so that the softening 
band is restricted to a zone of certain minimum size, as a material property. 
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Application of the non-local concept to strain softening materials was proposed by 
Bazant et al. (1984) and later simplified by the concept of non-local damage (Bazant 
and Lin, 1988). In this approach, the main idea is that only the variables which cause 
strain softening are subjected to non-local formulation. 
In general, integral-type non-local models replace one or more variables 
(typically, state variables) by their non-local counterparts obtained by weighted 
averaging over a spatial neighborhood of each point under consideration. The general 
mathematical description of this condition has been presented by Jirásek (1998) as 
follows: 
If f(x) is some “local” field in a domain V, the corresponding non-local field is 
defined by 
     (6.8) 
where α'(x, ξ) is a given non-local weight function. In an infinite specimen, the 
weight function depends only on the distance between the “source” point,ξ, and the 
“effect” point, x. In the vicinity of a boundary, the weight function is usually resealed 
such that the non-local operator does not alter a uniform field. This can be achieved 
by setting 
       
(6.9) 
where α(r) is a monotonically decreasing nonnegative function of the distance r = |x - 
ξ|. The weight function is often taken as the Gauss distribution function 
      (6.10)
where l is called the internal length of the non-local continuum. Another possible 





























where R is a parameter related (but not equal) to the internal length. As R corresponds 
to the largest distance of point ξ that affects the non-local average at point x, it is often 
referred to as the “interaction radius”. For the Gauss function in equation (6.10), the 
interaction radius, R, is infinite. It is also noted here that the function defined by 
equation (6.10) has an unbounded support while that defined by equation (6.11) has a 
bounded support. In practical calculations, the weight function is truncated at the 
distance where its value becomes negligible. 
The choice of the variable to be averaged remains, to some extent, arbitrary as 
long as a few basic requirements are satisfied. The first and foremost requirement is 
that the generalized model should exactly agree with the standard local elastic 
continuum as long as the material behaviour remains in the elastic range. For this 
reason, it has been pointed out by Jirásek (1998) that it is not possible to simply 
replace the local strain by non-local strain and apply the usual constitutive law. 
Except for the case of homogenous strain, non-local strain differs from the local one 
and the model behaviour would be altered altogether in the elastic range as well. 
In the present work, a non-local regularization scheme is employed by 
averaging the hardening/softening modulus, defined by equation (5.66) in previous 
Chapter 5, over a chosen radial distance, according to the equations described earlier 
in this section. The present regularization scheme could be explained in terms of 
Figure 6.37. In this figure, the circles in green color represent locations of various 



























the current integration point under consideration, for which computations are being 
made. An imaginary circle, shown in the figure, is drawn with a certain radius, R. All 
the integration points within this circle are identified first and hardening/softening 
modulus, as defined by equation (5.66), at all these integration points is computed. In 
a given analysis, the radius of the circle was fixed and a simple arithmetic average 
was used, meaning equal weight was given to all points within the circle. The 
averaged value of hardening/softening modulus was used to compute the material 
constitutive matrix, [Dep], as defined by equation (5.16), at the current integration 
point.  The value of radius (R) determines the likeliness of mesh independent solution. 
With very small value of R, the solution is mesh-dependant, and with very large value 
of R, bands become difficult to develop. It was found that the value of R should also 
be related to the element size. In the present work, the value of R was chosen to be 1.5 
times the element size. With this, all the integration points within the current element 
and about 3 integration points from adjacent elements were covered by the radius R. 
Thus the hardening modulus was averaged at about 21 integration points. 
Vermeer and Brinkgreve (1994) used a similar non-local modulus and found 
it to be adequate. Recently, Jirasek and Grassl (2004) evaluated various non-local 
schemes and found that the simple non-local scheme may not be suitable for all the 
problems. For analysis of element tests, however, the present regularization method 
was found to be suitable.  
6.4.2. Effect of Regularization 
Three plane strain tests (PSD_10, PSD_16 and PSD_20) have been reanalyzed 
using the Hvorslev-MCC UMAT in ABAQUS with regularization. The Hvorslev 
266
MCC model with the same parameters as in §6.2 was used. Results obtained with 
regularization are compared with the uniform solution presented in §6.2. 
The test PSD_10 has been reanalyzed with various mesh sizes and using the 
regularization scheme describe above. The stress-strain curves obtained with various 
mesh sizes and also with uniform deformation are shown in Figure 6.38. The 
regularized solution with 4x8 and 8x16 mesh sizes found to be still mesh dependent. 
However, the solution with 16x32 (512) and 20x40 (800) elements appears to give 
mesh independent result.  
It is interesting to note that even with regularization, sufficiently large number 
of elements should be used in order to achieve mesh independent result. In fact 
solution with few regularized elements (4x8) is very different from the solution with 
large number of regularized elements. This is partly due to the simple non-local 
scheme that has been used. But the requirement of large number of elements for mesh 
independent solution can also be clearly seen in the works of Vermeer and Brinkgreve 
(1994), Al Hattamleh et al. (2004), and Jirasek and Grassl (2004). Without 
regularization, however, there is no guarantee that the solution would be unique. 
In the elastic regime and near the peak, solution with regularization scheme is 
stiffer than uniform solution. This is not due to regularization, but is due to additional 
stiffness that is available due to lateral fixing of top and bottom of the sample. The 
stress-strain curves predicted are below the uniform solution in the post-peak region. 
In the uniform solution, there are no shear bands and all the softening is due to 
reduction of the yield surface size. With more elements, post-peak softening is due to 
formation of shear bands. 
Figure 6.38, 6.39 and 6.40 also show experimental results for the respective 
tests. The uniform solution and non-uniform solutions are similar in the pre-peak 
267
elastic regime. In the post-peak, softening in uniform solution is less and this is due to 
reduction of yield surface size only. On the other hand, post-peak softening with non-
uniform solution is large and matches the experimental results better. It is possible to 
obtain a better comparison with experiments by using different set of material 
properties. However, here the material parameters that are derived from elements tests 
are used. Overall it can be stated that brittle response of stiff soils can be obtained 
using a suitable continuum model together with regularized finite element method.  
Fig 6.41 shows contours of vertical strains with various sizes of the mesh for 
test PSD-10. It is quite clear from this figure that as the mesh size gets finer, thickness 
of the band gets smaller. Width of the shear band is dependent on the element size. 
The non-local modulus in the present analysis was averaged approximately over the 
width of one and a half element, resulting in a thickness of the band close to 1.5 to 2 
times the element size. Realistic shear band width can only be obtained with advanced 
regularization schemes (Jirasek and Grassl, 2004) or decreasing the element size 
further, in the regularization scheme adopted presently. 
The orientation of the shear band is seen to be the value given by Coulomb’s 
theory described earlier in Chapter 4. The value obtained is thus given by (45-φ/2)°. 
The orientation of the shear band is independent of mesh size and particular test.  
6.5. Shear Band Localization 
Experimental investigation and findings reported in Chapter 4 showed that the 
failure of specimens subjected to PS loading condition is characterized by distinct 
shear bands accompanied by softening in the post-peak stress response. Moreover, 
shear banding is seen to initiate in the hardening regime of the stress-strain curve of 
the PS test specimens. On the other hand, shear banding in triaxial loading conditions 
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appeared to be a post-peak phenomenon. Furthermore, test results have indicated that 
non-uniform deformation leading to shear band is initiated either at or just before the 
peak point on the stress-strain curve observed in the PS tests. It has also been 
established so far that adequate detection of the onset of non-uniform deformation has 
been possible through the experimental measurements and interpretation. 
According to the discussion presented in §6.4, it may be noted that the 
regularization applied to the Hvorslev-MCC model was found to act as an adequate 
stabilizer and thus eliminate the mesh size dependency on predicted stress-strain 
behaviour in the post localization regime where material exhibited strain softening. 
However, due to the “smeared” effect, the homogenized solution of the non-uniform 
deformation problem was able to capture the important facets of overall response of 
the heavily OC clay specimens. The model predictions, in terms of the onset, and 
thickness and orientation of the localized shear bands will be discussed next. 
6.5.1. Onset of Localization 
Due to the inherent assumption of the elasto-plastic models, elastic 
deformations occur until the current yield surface is reached whereupon elastic and 
plastic deformation start to take place. Yielding is followed by consequent post-peak 
softening of the soil material. Therefore, in the finite element analysis, non-uniform 
deformation across a shear band may be noticeable only after the yield point has been 
reached at the Hvorslev yield surface. The peak point in the predicted stress-strain 
plots may thus, be used as a rough indication of the onset of localization. 
From model predictions for test PS_D10, PS_D16 and PS_D20, peak points 
and corresponding onset points for localized deformation are observed to occur at 
axial strain values of approximately 7.9%, 7.5% and 6.9%, respectively. The 
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experimental results indicate that the onset of localization for these three drained tests 
correspond to about 6.6%, 6.2% and 5.4% axial strains, respectively (values shown in 
Table 4.3 of Chapter 4). 
Similarly, for the undrained PS tests, onset of localization, as predicted by the 
Hvorslev-MCC model, corresponds to 5.7%, 5.9% and 6.0% for PS_U04, PS_U08 
and PS_U16, respectively. Experimental values for these three undrained tests are 
5.5%, 5.1% and 5.0%, respectively. For the triaxial tests, localized deformation 
occurred in the hardening regime of the stress-strain plots. 
6.5.2. Properties of Shear Band 
In the PS tests conducted herein, the prismatic specimens had a height-to-
width ratio, H/W = 2.0. This aspect ratio allowed shear bands to develop freely 
without interference with the lubricated cap and base, as seen in the experimental 
results of Chapter 4. The measured angles of shear band inclination with respect to the 
direction of the major principal stress for all the PS tests have been presented earlier 
in Table 4.3 of Chapter 4. 
As indicated in preceding Chapter 2, the well known Coulomb and Roscoe 
theory may be used to predict the orientation of shear bands observed in shear failure 








piθ −=SB    [Roscoe]   (6.15) 
where, θSB, φ', and ψ denote the orientation of shear band, angle of internal friction, 
and dilatancy angle, respectively. A comparison of the theoretical and experimental 
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(average) value of shear band orientation is given in Table 6.6. Values indicated in the 
table shows relatively close agreement between the predicted and observed values. 
6.6. Discussion 
The formation of shear bands in a soil, on the dry side of the critical state, 
makes it difficult to define and interpret the test data, especially in the case of 
undrained tests. In such a case, constitutive material behaviour can only be measured 
in the pre-localization deformation regime. In other words, the post peak shear stress 
is apparently the consequence of formation of discontinuities, and constitutive 
behaviour can only be extracted from test results based on globally-derived behaviour, 
in the pre-localization regime. The theoretical model for predicting the general 
response of soils, either on the dry or wet side of critical state, is based on the 
assumption of a continuum. It assumes a constant angle of friction, rather than a 
constant critical state stress ratio which is, in fact, validated by the test results. Table 
6.1 shows the critical state angle of friction, φ′cs, and the effective stress ratio, MJ, for 
the different types of shear tests performed on specimens of the same type of kaolin 
clay. For drained loading conditions, soil on the dry side of critical state yields on the 
“Hvorslev” surface, where it reaches a peak shear stress, and thereafter starts to dilate 
and soften, finally attaining the critical state. From the results presented in this 
chapter, it is evident that the regularized Hvorslev-MCC model correctly predicts the 
peak values of the effective stress ratio. Peak stress ratios as obtained from all the 
tests performed in the present work, and also from several other published test results 
on stiff clays, have been plotted against the predicted stress ratios using the Hvorslev-
MCC model, as shown in Figure 6.42. In each case, all the relevant material 
parameters were obtained from the available test data listed in Table 6.1, 6.4 and 6.5. 
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The experimental and predicted values of the peak stresses are in good agreement. 
According to the Hvorslev-MCC model, the maximum shear strength of the drained 
test specimen is attained on the Hvorslev yield surface, whereupon the specimen 
dilates and thus, softens, to reach its ultimate state on the CSL. The amount of 
softening, required by the specimen to reach the critical state, depends on the slopes 
of the Hvorslev surface and CSL, that is, mH and MJ, respectively, as shown in Figure 
6.43. In general, the model is able to capture the essential features of the heavily OC 
soil. 
Vermeer (1990) indicated that the shear band inclination in plane strain tests is 
limited between the Coulomb and Roscoe directions and the actual inclination is very 
sensitive to the boundary conditions such as those imposed by the membrane 
surrounding soil specimen. However, for dense soils (fine sands), it was reported that 
the boundary conditions are not that significant for shear band orientation which tend 
to develop at the Coulomb inclination. This seems to be applicable to the heavily OC 
clay tested in the present work, most likely due to its fine particulate and dense nature. 
The predicted inclination of the shear band was found to be about 35.5° (Table 6.6). 
The thickness of the shear band, as predicted by the model is governed by the width 
of the element size used in the numerical analysis. Extremely fine mesh, with width of 
element in the order of microns, would be necessary to get realistic predictions. For 
the tested clay, shear bands were observed to have hairline width. 
The material parameters used in the Hvorslev-MCC model have been specified 
earlier as MJ, mH, λ, κ, N and G and ν´. The values of parameters M, mH, λ, and κ
have significant effect on the predictions. However, these parameters have been 
obtained from the experiments conducted on the test clay specimens and can be 
measured accurately. The fourth parameter, N, has very little influence on the 
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predictions. The stress-strain response of the  tests indicated that the elastic shear 
modulus GS is non-linear and predominantly depends on mean pressure and shear 
strain. In order to model the observed patterns of displacement properly, it was 
necessary to adopt a non-linear stiffness variation in the elastic part of constitutive 
soil behaviour. The adopted value of the shear modulus was seen to be in accordance 
with the stiffness variation of kaolin clay reported by Dasari (1996). Another 
parameter that could influence the predicted stress-strain response is the drained 
Poisson’s ratio, ν´. For most geotechnical applications, the range of ν´ falls between 
0.15 and 0.35. Within this range, a maximum variation of the predicted peak strength 
was observed to be about 14% (Mita et al., 2004). The slope of the drained stress path 
was also seen to be influenced by the adopted value of ν´. For all the model 
predictions reported in this paper, an average value of 0.25 was used for the Poisson’s 
ratio. Thus with realistic parameters, the model predicted the measured stress-strain 
behavior reasonably well. 
From the results presented so far and based on the above discussion, it may be 
summarized that numerical analysis of boundary value problems based on uniform 
load and uniform deformation assumption may not represent soil behaviour in terms 
of actual kinematics of deformation, but it does help in evaluating an important aspect 
of the constitutive model - whether the model has capabilities of reproducing the post-
peak softening as a consequence of non-uniform deformation in the material medium. 
 For plane strain tests, point of bifurcation is before the peak, strain softening 
is due to formation of shear bands and hence non-uniform solution is required. On the 
other hand, for triaxial tests, bifurcation is after the peak - this may be reproduced by 
uniform or homogenized solution - as can be seen by the better agreement between 
uniform solution and experimental results presented in Figures 6.15 to 6.32.
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Table 6.1: Values of φ′cs, mH and MJ for heavily overconsolidated test clay 
Type of test Angle of internal 






Plane strain compression 21.9 0.34 0.43 
Triaxial compression 21.8 0.46 0.49 
Triaxial extension 20.9 0.50 0.37 
Direct shear 21.5 0.57 0.39 
Table 6.2: Parameters for Mohr-Coulomb model 
E 
(kPa) 
ν φ ϕ c' 
(kPa) 
20,000 0.3 30 20 20 
Table 6.3: Parameters for modified Cam clay models 
E 
(kPa) 
ν φ ϕ c' 
(kPa) 
20,000 0.3 30 20 20 
274






















600 8.8 0.269 0.036 3.76 0.427 0.374 
Reconstituted 
London clay**





20 for UC test 
40 for DC test  





20 for UC test 
7.1 for DC test  
0.062 0.010 1.750 1.13 0.999 
Reconstituted 
Weald clay As shown in Table 6.1 
Reconstituted 
Kaolin clay As shown in Table 6.5 
*(data from Houlsby et al. 1982) 
** (data from Atkinson and Richardson 1987) 
*** (data from Burland et al. 1996) 
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Table 6.5: Material parameters used in analysis of TC tests performed on 
remoulded saturated Weald clay [after (Parry 1960)] 
Type of Triaxial Test Angle of shearing 
resistance,φcs 
(degrees) 
Slope of critical 
state line in J:p′
plane, ΜJ
Slope of Hvorslev surface 











(2) (3) (4) (5) 
D C 21.8 0.49 0.40 
D E 21.8 0.38 0.33 
U C 21.8 0.49 0.44 
U E 21.8 0.38 0.30 
Values of λ, κ, and Γ are 0.093, 0.035 and 2.06 respectively (Atkinson and Bransby 1982). 
Table 6.6: Values of θsb for heavily overconsolidated test clay 










tests 34.2 34.6 30.7 34.6 
*
 measured with respect to direction of major principal stress 
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Figure 6.1. Drained PS tests on OC kaolin clay: shear stress vs. axial strain 
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Figure 6.2. Drained PS tests on OC kaolin clay: stress ratio vs. axial strain 
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Figure 6.3. Drained PS tests on OC kaolin clay: mobilized friction angle 
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Figure 6.4. Drained PS tests on OC kaolin clay: volumetric strain vs. axial strain
280
Figure 6.5. Intermediate principal stress vs. axial strain in drained PS tests 
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(a) J: p´ plane 
(b) v: p´ plane 




Figure 6.7. State paths of drained PS tests and the “Hvorslev-MCC” failure 
envelope 
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(a) p′:J plane 
(b) v:p′ plane 
Figure 6.8. State paths of undrained plane strain tests 
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Figure 6.9. Shear stress-strain of undrained plane strain tests 
idealized response due to local 
drainage in undrained tests  
idealized response due to local 
drainage in undrained tests  
idealized response due to local 
drainage in undrained tests  
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Figure 6.10. Stress ratio-strain of undrained plain strain tests 
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Figure 6.11. Volumetric response of undrained plain strain tests 
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Figure 6.12: Excess pore water pressure of undrained plane strain tests 
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Figure 6.13. Mobilized friction angle in undrained plain strain tests
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Figure 6.14: State paths of undrained PS tests and the "Hvorslev-MCC" failure 
envelope 
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Figure 6.15. Drained TC tests on OC clay: shear stress vs. axial strain 
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Figure 6.16. Drained TC tests on OC clay: stress ratio vs. axial strain 
292
Figure 6.17. Drained TC tests on OC clay: volumetric strain vs. axial strain 
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Figure 6.18. Drained TC tests on OC clay: mobilized friction angle 
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Figure 6.19. Undrained TC tests on OC clay: shear stress vs. axial strain 
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Figure 6.20. Undrained TC tests on OC clay: stress ratio vs. axial strain  
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Figure 6.21. Undrained TC tests on OC clay: excess pore pressure vs. axial strain 
297
Figure 6.22. Undrained TC tests on OC clay: mobilized friction angle
298
(a) p':J plane 
(b) p':v plane 
Figure 6.23. State paths of drained and undrained triaxial compression tests 
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Figure 6.24. Drained TE tests on OC clay: shear stress vs. axial strain 
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Figure 6.25. Drained TE tests on OC clay: stress ratio vs. axial strain 
301
Figure 6.26. Drained TE tests on OC clay: volumetric strain vs. axial strain 
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Figure 6.27. Drained TE tests on OC clay: mobilized friction angle 
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Figure 6.28. Undrained TE tests on OC clay: shear stress vs. axial strain 
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Figure 6.29. Undrained TE tests on OC clay: stress ratio vs. axial strain 
305
Figure 6.30. Undrained TE tests on OC clay: excess pore pressure vs. axial strain 
306
Figure 6.31. Undrained TE tests on OC clay: mobilized friction angle 
307
(a) Deviatoric stress: effective mean normal stress 
(b) Specific volume: effective mean normal stress 
Figure 6.32. State paths of drained and undrained triaxial extension tests 
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Figure 6.33. Force displacement curves for various mesh sizes without 
regularization (Hattamleh et al., 2004)  




Figure 6.35. Deviatoric stress versus axial strain: (a) MC model; (b) MCC model 
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Figure 6.36. Formation of shear bands: MC model 
Figure 6.37. Schematic: non-local regularization scheme 
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Figure 6.38. Deviatoric stress versus axial strain: test PS_D10 
Figure 6.39. Deviatoric stress versus axial strain: test PS_D16 
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Figure 6.40. Deviatoric stress versus axial strain: test PS_D20 
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    4x8 elements          8x16 elements 
    
          16x32 elements          20x40 elements
Figure 6.41. Thickness and orientation of shear observed bands 
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UC = undrained triaxial compression test        UE = undrained triaxial extension test 
DC = drained triaxial compression test        DE = drained triaxial extension test 
UPS = undrained plane strain compression test        DPS = drained plane strain compression test
Figure 6.42. Comparison of predicted and experimental peak stress ratios 
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kaolin clay (UC) [after Houlsby et al., 1982]
kaolin clay (DPS) [after Mita, 2002]
kaolin clay (UPS) [after Mita, 2002]
Weald clay (UC) [after Parry, 1960]
Weald clay (UE) [after Parry, 1960]
Weald clay(DC) [after Parry, 1960]
Weald clay (DE) [after Parry, 1960]
London clay (UC) [after Atkinson & Richardson, 1987]
Pietrif itta clay (UC) [after Burland et al., 1996]
Pietrif itta clay (DC) [after Burland et al., 1996]
Corinth marl (UC) [after Burland et al., 1996]
Corinth marl (DC) [after Burland et al., 1996]
kaolin clay (DC) [after Mita, 2002]
kaolin clay (UC) [after Mita, 2002]
kaolin clay (DE) [after Mita, 2002]
kaolin clay (UE) [after Mita, 2002]
''45'' degree line
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Figure 6.43. Drained test path and the critical state 
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7. CONCLUSIONS AND RECOMMENDATIONS 
7.1. Conclusions 
In view of the preceding findings, the following conclusions may be drawn: 
(i) The proposed biaxial compression apparatus, with its plane strain device, 
which have been developed in the present work, allows precise investigation 
of the constitutive behaviour of brittle soils that are on the dry side of critical 
state. Unlike the few, customized equipment used in research laboratories 
for testing soils (mainly sands) under plane strain conditions, the proposed 
equipment has the following advantages: 
 (a) An easy to use biaxial sample set-up was designed making use of 
standard and readily available O-rings and rubber membranes. Thus the 
device is inexpensive, and it is simple to set-up with minimal sample 
disturbance. It was found that the proposed design works up to 2000 
kPa confining pressure without any leakage problem.   
(b) A new system for measuring the lateral deformation of test specimens 
 using laser micro sensors was incorporated, which enables accurate 
volume change measurements and also detection of the onset of shear 
banding; 
(c) The use of total stress cells, to measure the intermediate principal stress 
 acting on the test specimen, allows the representation of the biaxial test 
 results in generalized three-dimensional stress space, instead of the 
 usual planar representation in terms of the major and minor principal 
 stresses. 
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In view of the simplicity and ruggedness of the proposed device, 
malfunction or inaccuracy of test results, due to leakage and other deficiencies, 
would be mitigated, thereby ensuring reliable and reproducible results. 
(ii)    The geometric configuration and instrumentation of the biaxial device, 
developed herein, allows accurate investigation of the onset and 
development of localized deformation in compression testing of stiff soils. 
Two dimensional planar shear bands have been observed to emerge and 
develop freely within the specimens tested, using this apparatus. 
(iii) The occurrence of shear banding is affected by the mode of shearing, and the
tests performed herein, indicate that the triaxial compression test is the most 
resistant to shear banding, whereas they are more easily initiated in plane 
strain tests. In plane strain tests, the bifurcation point, or onset of non-
uniform deformation, takes place at or before the peak deviator stress is 
attained, and completely developed shear bands become visible shortly 
thereafter. Shear banding initiates in the hardening regime of the material 
response for plane strain tests. As the overconsolidation ratio gets higher, the 
bifurcation and peak stress points seem to occur closer to each other. In 
triaxial tests, visible shear banding has been observed to occur, at large 
strains after the peak stress, indicating that failure occurs by smooth peak 
failure in the softening regime and more as a continuum response. 
In addition, the plane strain test results indicate that initiation of shear 
banding tends to occur earlier in undrained than drained plane strain loading 
condition. However, strength reduction or degree of softening seems higher 
in the drained tests than in undrained plane strain tests. From the plane strain 
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test results, it was also noted that the residual strengths were reached within 
0.7% axial strain after peak. 
(iv) Inclinations of shear bands in the plane strain and triaxial tests were 
measured and compared with those given by Coulomb’s and Roscoe’s 
theory. The experimental findings reveal that the shear band inclinations 
observed in the plane strain tests are better approximated by the Coulomb 
theory. 
(v) The results of the undrained tests on heavily overconsolidated clay 
specimens indicate that local drainage took place in the shear band. 
Consequently, there was a reduction in the apparent undrained shear 
strength, Su. The magnitude of Su was found to depend and test 
configuration. 
(vi) A comparison of undrained test results under triaxial compression, extension 
and plane strain compression condition indicated that as the b [= (σ2 - σ3) / 
(σ1 - σ3)] value increases from triaxial compression to plane strain to triaxial 
extension, the peak excess pore pressure also increases. 
(vii) The Hvorslev yield surface, for heavily overconsolidated clay, has been 
generated based on drained and undrained tests performed on kaolin clay 
specimens. It was observed that the Hvorslev failure line or the peak envelop 
may be approximated as a straight line in a particular shear mode, whereas, 
an average straight line denoting the peak envelop for all modes of shear 
showed significant scatter in experimental data points. However, as a first 
order approximation, the peak failure envelop could be assumed straight 
under all shear modes. . Test results have indicated that stress ratio (MJ) 
varied amongst plane strain, triaxial compression, triaxial extension and 
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direct shear tests, such that a constant angle of friction of φcs′ = 21.7° was 
measured for the clay in all the tests.  The experimentally-obtained data have 
been used to develop a simple elasto-plastic “Hvorslev-MCC” model. 
(viii) Due to the occurrence of strong discontinuities or shear bands in heavily 
overconsolidated soils, only the pre-shear band localization portion of the 
load-displacement, and hence stress-strain curve, represents true material 
behaviour and may, in principle, be used in constitutive modelling. 
(ix) The Hvorslev-MCC model was used to back analyze the element tests 
assuming 'uniform' and 'non-uniform' deformations. The 'uniform' results are 
obtained on the assumption that softening due to shear banding could be 
homogenized as material softening. In the case of 'non-uniform' 
deformations actual kinematics of shear bands was incorporated. 
(x) When deformation was assumed uniform, the model could successfully 
predict the “peak” and “ultimate” values of deviatoric stress, stress ratio and 
mobilized friction angle, for all the drained tests. Realistic values of Lode’s 
angle at failure have also been determined on the basis of the test results, 
which closely match model prediction. The uniform assumption did not do 
well in case of undrained tests. 
(xi) The actual kinematics of strain softening, observed in heavily 
overconsolidated clays, cannot be reflected by the uniform model. The 
MCC-Hvorslev model, when used with regularization to analyze element 
test as a boundary value problem, performed well in capturing post-peak 
softening of the drained tests. Thus, in the drained situation, the effectively 
"smeared" or “homogenized” model is seen to perform reasonably well, but 
in undrained loading, which is most often what stiff clays are subjected to, 
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uniform deformation assumption does not seem to agree well with 
experimental observations, post peak. 
(xii) Shear bands formation due to non-uniform deformation make element test 
essentially a boundary value problem. Material model with softening 
produces mesh sensitive results. A simple non-local scheme was used to 
reduce mesh dependency, and found to be satisfactory. 
7.2. Recommendations 
On the basis of the study findings, the following recommendations are made: 
7.2.1. Improvements on the New Biaxial Device 
Performance of the biaxial testing device, developed in the present study, may 
be enhanced further by adding/improving the following features: 
(i) Enlargement of the end platens to cater for lateral expansion of the 
specimen during vertical compression would prevent the “corner effects” 
noted in the tests conducted herein. This will consequently allow the 
formation of shear bands to be machine independent. 
(ii) Inclusion of local miniature pore pressure probes to monitor pore pressure 
generation in the localized zones of deformation would allow precise 
evaluation of effective stress conditions in the shear bands. Concentration 
of strains at the band location gives rise to excess pore pressure 
concentration at these locations and hence, observed pore pressures are 
related largely to the distance of the measuring probe from the shear band. 
(iii) Use of X-ray or stereophotogrammetry technique for continuous 
measurement of density would offer more insight into shear banding. Such 
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technique will allow for measuring deformations and determining strain 
fields throughout the test. 
(iv) Measurement of small strain stiffness by using local displacement 
transducers in order to monitor the actual stiffness variation in the elastic 
range of deformation. Installation of local axial LVDT to measure vertical 
strain would be more appropriate, particularly in the context of small strain 
measurements. 
(v) Boundary and size of specimens may be varied to study the effect of 
geometric configuration and boundary conditions on the shear band 
characteristics of the tested material. 
7.2.2. Expansion in Testing 
Using the new biaxial device, plane strain tests could be conducted relatively 
easily. Thus, extensive data base may be generated for plane strain testing of 
various stiff soils to determine their stress-strain behaviour and shear band 
properties under variety of stress conditions. These may include the following: 
(i) Perform tests on other types of clays, either remolded or naturally 
occurring in-situ samples, which may be more plastic in nature; 
(ii) Conduct shear tests on K0-consolidated laboratory samples; 
(iii) Investigate shear behaviour of unsaturated soil specimens that tend to 
exhibit similar brittle behaviour under high effective stresses; 
(iv)  In each of the above cases of investigation, particular soil specimens may 
be tested under various stress states and at wider ranges of 
overconsolidation ratios in order to study the effect of important factors 
such as the confining pressure, material densities, etc. 
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7.2.3. Expansion in Theoretical Modelling 
(i) It was noted that peak strength is a function of shear mode. Therefore, the 
constitutive model should incorporate this in order to be able to back analyze 
tests, correctly. A simple way of achieving this is to express the Hvorslev 
parameter, mH, as a function of the Lode’s angle, θ.
(ii) It was demonstrated in previous Chapter 6 that even with regularization, the 
geometry of a small element test required a large number of elements for 
objective results. In general, boundary value problems require very large 
number of elements. It would be worth investigating whether it is possible to 
solve such problems in realistic times. 
(iii) Use of “fracture mechanics” frame work could be explored as a more rational 
approach to capture the initiation and propagation of shear banding and its 
effect on the stress distribution within a sample. A fracture mechanical ideal 
based on the unified model (Lo et al., 1996a) may be used for this. 
(iv) Distinct Element Method (DEM) is getting popular for the analysis of non-
continuum problems. Recent advances allow incorporating realistic grain size 
distribution and fluid flow within DEM. Thus the DEM may be used for the 
analysis of shear banding in both drained and undrained tests. 
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APPENDIX A: CALIBRATION CURVES FOR TRANSDUCERS 
A.1. Axial Load Cell
 Model no. WF 17109 
 Serial no. 82640051 
 Connected to AT2000 data logger channel no. 14
Figure A.1. Calibration curve for axial load cell 
Equation of the linear regression curve is: 
























A.2. Axial Displacement Transducer (LSCT)
 Model no. WF 17015 
 Serial no. HS 25/13025 
 Connected to AT2000 data logger channel no. 08
Figure A.1. Calibration curve for axial displacement transducers 
Equation of the linear regression curve is: 































A.3. Automatic Volume Change Unit
 Model no. WF 17044 
 Serial no. 82640032 
 Connected to AT2000 data logger channel no. 13
Figure A.3. Calibration curve for volume change unit 
Equation of the linear regression curve is: 
































A.4. Pore Pressure Transducer (cell pressure)
 Model no. WF 17060 
 Serial no. GE 0560 
 Connected to AT2000 data logger channel no. 09
Figure A.4. Calibration curve for pore pressure transducer for cell pressure 
Equation of the linear regression curve is: 





























A.5. Pore Pressure Transducer (back pressure)
 Model no. WF 17060 
 Serial no. GE 0620 
 Connected to AT2000 data logger channel no. 10
Figure A.5. Calibration curve for pore pressure transducer for back pressure 
Equation of the linear regression curve is: 





























A.6. Pore Pressure Transducer (specimen pore pressure)
 Model no. WF 17060 
 Serial no. GE 0294 
 Connected to AT2000 data logger channel no. 11
Figure A.6. Calibration curve for pore pressure transducer to measure specimen 
pore pressure 
Equation of the linear regression curve is: 





























APPENDIX B: CONSOLIDATION CHARACTERISTICS OF THE 
ADOPTED KAOLIN CLAY 
B.1. Consolidation Test 
A 75mm diameter and 20mm high, saturated test specimen of the test clay was 
used for conducting the standard oedometer test, in accordance with the procedure 
given in BS 1377: Part 5: 1990 (British Standards Institution, 1990). Table B.1 lists 
the applied pressure increments and the corresponding settlements and void ratio of 
the oedometer sample. Figure B.1 depicts the plot of void ratio, v against logarithmic 
normal stress, σv. The compression index Cc, and swelling index Cs are given by the 
slopes of the one-dimensional normal compression line (ncl) and swelling line, 
respectively. Values of 62.0=cC  and 13.0=sC were obtained from the figure. The 
slopes λ and κ, of the isotropic normal consolidation, and swelling lines, respectively, 









cCκ      (B.1) 
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Void ratio, e 
50 0.925 1.5866 
100 1.4486 1.5116 
200 2.3037 1.3893 
400 3.4206 1.2294 
800 4.7208 1.0434 
400 4.6946 1.0471 
200 4.459 1.0808 
100 4.2495 1.1108 
200 4.2844 1.1058 
400 4.5549 1.0671 
800 5.0435 0.9972 
1600 3.3262 0.8136 
3200 7.67 0.6213 
1600 7.4867 0.6476 
400 6.8671 0.7362 
100 6.169 0.8361 
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APPENDIX C: VARIATION OF SHEAR STIFFNESS OF THE 
ADOPTED KAOLIN CLAY 
C.1. Modelling of Shear Modulus in the Hvorslev-MCC Model 
As discussed in foregoing §3.2, elastic shear strain, Ede, is usually computed 
from the elastic shear modulus, G, which is assumed to be proportional to the bulk 










     (C.1) 
In the above equation, the variation of shear modulus with the magnitude of shear 
strain, as well as ocr, has been ignored. The experimental data of Chapter 5 showed 
that the shear modulus varied, depending on the stress-strain state of the adopted clay. 
Dasari (1996) modelled the stiffness variation of kaolin clay and reported that, at 
small strains (Ede<Ed <Edp), the tangent shear modulus reduces considerably with 
deviatoric strain, and may be expressed in the following form: 
222 )()()( bedmn EocrpBG ′=    (C.2) 
where, B, n2, m2 and b2 are parameters for shear modulus. The values of these 
parameters for Speswhite kaolin clay are shown in Table C.1. 
Figure C.1 shows the experimental data of shear modulus plotted against 
deviatoric strain, for the plane strain tests of the present study. The solid line is drawn 
based on equation (C.2), optimized to give a best fit to the data points, with values of 
B=0.71, n2=0.89, m2= 0.2 and b2=-0.65. The stiffness variation, according to the 
optimized equation (C.2), is adopted in the elastic analysis of the Hvorslev-MCC 
model. 
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Table C.1 Parameters for shear modulus of Speswhite kaolin 
(after Dasari, 1996)
B n2 m2 b2 
0.71 0.59 to 1.0 0.2 -0.73 to –0.60 






















PS_D10 PS_D16 PS_D20 PS_U04
PS_U08 PS_U16 theoryEquation (C.2) 
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APPENDIX D: MATERIAL PARAMETERS, MJ AND mH, FOR 
THE ADOPTED KAOLIN CLAY 
D.1. Slope of the Critical State Line, MJ
The critical state represents a state in which a soil can be sheared indefinitely 
with no further change of effective stresses or specific volume. It is found that, at the 
critical state, the stress ratio J/p′ is essentially independent of p′, and the slope of the 
critical state line in the J: p′ plane is denoted by MJ. 
The value of MJ is most conveniently determined by plotting the stress paths 
of shear tests on soil specimens in J: p′ plane and obtaining the stress ratio at the end 
of the test, that is at very large strain, where the specimen has reached a well-defined 
critical state. This procedure was adopted to get the values of MJ in different modes 
of shearing for the the tests performed in plane strain (PS), triaxial compression (TC) 
and triaxial extension (TE), as specified in foregoing Table 5.2. Figure D.1 depicts 
the critical stress line in J: p′ plane for the PS tests. 
The value of MJ is directly related to the angle of internal friction, φ′cs by the 
following equations (Powrie, 1997): 









sin φ    (D.1) 









sin φ    (D.2) 








in which, b is defined by equation (6.2) in foregoing Chapter 6. 
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D.2. Slope of the Hvorslev yield surface, mH
The peak strengths of the heavily overconsolidated specimens of kaolin clay 
have been observed to fall on the Hvorslev surface, which is a obtained as a straight 
line in normalized J:p′ plane, as shown in Figure D.2. The slope of the line denotes 
the value of the parameter mH, as specified in foregoing Table 6.1 of Chapter 6.
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Figure D.1. Experimental determination of MJ in plane strain compression 
Figure D.2. Experimental determination of the slope of Hvorslev surface






























APPENDIX E: Justification for Isotropic Consolidation Assumption 
at the Start of Shear Testing 
Table E1 
test OCR sigma_1 sigma_2 sigma_3 sigma_b* sigma_1' sigma_2' sigma_3' p' J
(kPa) (kPa) (kPa) (kPa) (kPa) (kPa) (kPa) (kPa) (kPa)
PS_D10 10 255 240 255 115 140 125 140 135 8.66025
PS_D16 16 305 290 305 218 87 72 87 82 8.66025
PS_D20 20 226 217 226 157 69 60 69 66 5.19615
PS_U16 16 351 335 351 263.5 87.5 71.5 87.5 82.1667 9.2376
* back pressure (applied)
PS_D10 measured starting point  (135,8.7) assumed starting point  (140,0)
PS_D16 measured starting point  (82,8.7) assumed starting point  (87,0)
PS_D20 measured  starting point (66,5.2) assumed  starting point (69,0)
PS_U16 measured starting point  (82.2,9.2) assumed starting point  (87.5,0)
